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We consider ranking and clustering problems related to the aggregation of inconsistent information, in particular,
rank aggregation, (weighted) feedback arc set in tournaments, consensus and correlation clustering, and hierar-
chical clustering. Ailon, Charikar, and Newman [4], Ailon and Charikar [3], and Ailon 2] proposed randomized
constant factor approximation algorithms for these problems, which recursively generate a solution by choosing a
random vertex as “pivot” and dividing the remaining vertices into two groups based on the pivot vertex.

In this paper, we answer an open question in these works by giving deterministic approximation algorithms for
these problems. The analysis of our algorithms is simpler than the analysis of the randomized algorithms in [4],
[3] and [2]. In addition, we consider the problem of finding minimum-cost rankings and clusterings which must
obey certain constraints (e.g. an input partial order in the case of ranking problems), which were introduced
by Hegde and Jain [25] (see also [34]). We show that the first type of algorithms we propose can also handle
these constrained problems. In addition, we show that in the case of a rank aggregation or consensus clustering
problem, if the input rankings or clusterings obey the constraints, then we can always ensure that the output of
any algorithm obeys the constraints without increasing the objective value of the solution.
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1. Introduction. We consider the problem of ranking or clustering a set of elements, based on input
information for each pair of elements. The objective is to find a solution that minimizes the deviation
from the input information.

Consider, for example, the problem of ranking the teams of a round-robin sports tournament: each
pair of teams has played against each other exactly once, and a desirable property of a ranking of the
teams is that it ranks team 4 before team j if team ¢ won the game against team j. Clearly, this is not
always possible, since there may be teams i, j, k where team i beat team j, team j beat team k and team
k beat team i. An example of clustering that has a similar flavor to the round-robin sports tournament
is clustering webpages based on similarity scores. For each pair of pages we have a score between 0 and
1, and we would like to cluster the pages so that pages with a high similarity score are in the same
cluster, and pages with a low similarity score are in different clusters. We will also consider hierarchical
clustering. Given a set of elements and integer values D;; between 0 and M for each pair of elements
1,7, we want to find a hierarchical clustering of M levels, i.e. M nested partitions of the elements, such

IPreliminary versions of these results appreared in the Eighteenth Annual ACM-SIAM Symposium on Discrete Algo-
rithms (SODA 2007) [34], and in the Fifth Workshop on Approximation and Online Algorithms (WAOA 2007) [35].
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that elements 7, j are in different clusters in the lowest D;; levels. As in the sports tournament example,
not every input admits a solution that exactly satisfies these desired properties. We will therefore seek a
solution that minimizes the sum of the pairwise deviations from the input information.

Other examples arise in aggregation of existing rankings or clusterings. For example, Dwork, Kumar,
Naor and Sivakumar [16] propose meta-search engines for Web search, where we want to get more robust
rankings that are not sensitive to the various shortcomings and biases of individual search engines by
combining the rankings of individual search engines. Another example comes from gene expression
analysis. The goal is to find classifications of genes based on the results from different microarray
experiments. In this context, Filkov and Skiena [20] introduce the problem called consensus clustering,
in which we want to find a clustering of a set of elements that is as close as possible to a collection of
clusterings of the same set of elements.

These examples are related to the topic of voting systems, in which each voter gives a preference
on a set of alternatives, and the system outputs a single preference order on the set of alternatives
based on the voters’ preferences. Arrow’s impossibility theorem [8] states that no voting system can
simultaneously achieve non-dictatorship, independence of irrelevant alternatives, and Pareto efficiency.
Non-dictatorship means that the voting system does not simply output the preference order of a particular
voter, independence of irrelevant alternatives means that if the output order ranks i before j, then this
should also be the case if one or more voters change the position of an alternative k # i, j, and finally,
Pareto efficiency or unanimity ensures that if all voters prefer alternative ¢ over alternative j, then so
does the output ordering. Kemeny [27] proposed the following objective for determining the best voting
system: Given permutations y,...,m of V| we want to find « that minimizes Zi=1 d(m,m), where
d(m, ) is the Kendall tau distance, which is defined as the number of pairs ¢, j such that 7 (:) < mx(5)
and 7(¢) > w(j). In other words, in Kemeny aggregation we want to find a permutation that minimizes
the number of pairwise disagreements with the £ input permutations.

Fagin, Kumar, Mahdian, Sivakumar and Vee [19] extend the problem to partial rank aggregation (see
also Ailon [2]). The input rankings do not have to be permutations of the same set of elements, but
are instead allowed to have ties. More precisely, a partial ranking of a set of elements V is a function
m:V —{1,...,|V]}. Examples of partial rankings are top-m rankings, i.e. permutations of only a subset
of the elements (in which case we make the assumption that the unranked elements all share the position
after the last ranked element), or the rankings may be p-ratings, i.e. mappings from V to {1,...,p},
as is the case in movie rankings. Fagin et al. propose several metrics to compare partial rankings, and
show that they are within constant multiples of each other. Following Ailon, we will say the distance
d(my1, ) between two partial rankings 7; and 75 is again the number of pairs ¢, j such that m (¢) < m1(j),
and 7o (i) > m2(j). The goal of partial rank aggregation is given partial rankings m1,..., 7 to find a
permutation that minimizes Zi:l d(m, 7). Note that the output is required to be a permutation, and
cannot be a partial ranking. We will refer to Kemeny aggregation and partial rank aggregation simply
as rank aggregation. If the input rankings are permutations rather than partial rankings we will use the
term full rank aggregation.

Consensus clustering, as defined by Filkov and Skiena [20], is similar to rank aggregation. Given ¢
clusterings (partitions) Cy,...,Cp of a set V| we want to find a clustering C that minimizes Zf;:l d(C,C),
where d(Ci,C) is the number of pairs 7, j such that 4, j are in the same cluster in one of the clusterings
Ck,C, and in different clusters in the other clustering. We introduce here the problem of partial consensus
clustering, which is similar to partial rank aggregation. The input is Cy,...,C¢ where each Cj is a
partition of V. However, each set in C, now comes with a label “final” or “not final”. The label “not
final” indicates that the set may be broken down into smaller clusters. We will call such a partition
Cr. a partial clustering of V. We define the distance d(C, D) between two (partial) clusterings C and D
as the number of pairs ¢, j such that one of the two partitions C,D contains a final set that contains
both 4, j, and the other collection has i and j in different sets. For example, if V' = {1,2,3,4}, and
C = {{17 2} inal, {3, 4} not ﬁna]},D = {{1,3}ﬁna], {2,4}ﬁnal}, then d(C, D) = 3, since the pairs contributing
to the distance are {1,2},{1,3} and {2,4}; {3,4} does not not contribute because it is not final in C.
If C,D are full clusterings or partitions of V' then the distance function is the same as the one defined
previously. As before the goal of partial consensus clustering is to find a clustering (partition) C that
minimizes Zi:1 d(Cy,C). From now on, we will refer to the problem when the input clusterings contain
only final clusters as full consensus clustering.
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We believe that partial consensus clustering is a useful extension of consensus clustering. As an example
we mention a problem studied by Modha and Spangler [31], B0] of clustering web search results based
on three criteria: words contained in the document, out-links from the document, and in-links to the
document. Documents are assumed to be similar if they share one or more words, and if they share one or
more in-links or out-links. Although this is not the approach proposed in [31], [30], a possible approach to
this is to find a clustering based on each of the three criteria, and aggregate the three resulting clusterings
using consensus clustering. But what if we have some pages that have no out-links? Such a document
is not similar to any other document based on the out-link criterion, since it does not share an out-link
with any document. Hence we could say it is dissimilar to any document that does have out-links, but
it really is neither similar nor dissimilar to another document that does not have out-links. A partial
clustering allows us to represent this information by putting the documents that have no out-links into
a single cluster that we mark “not final”.

Partial consensus clusterings also provide a natural way to deal with missing values. For example, a
data set that has been often used to test consensus clustering algorithms is the Mushrooms data set from
the UCI repository [9, 22, 23]. The data set contains 8124 mushrooms and has values for 22 attributes
for each mushroom, such as cap color, stalk shape, habitat, etc. Each attribute thus defines a clustering
of the mushrooms, where mushrooms that have the same value are clustered together. However, there
are some missing values in the data set. Different researchers have dealt with this in different ways. In
[22], a coin is tossed independently for each pair of mushrooms where at least one of them is missing a
value for the attribute, which determines whether these mushrooms should be in the same cluster or not.
Note that the coin tosses in this approach may not yield a valid clustering, for example if we have three
mushrooms, m1, ms, m3 where mq, ms have the same value for the attribute and mgs does not have value.
Then the coin tosses may require that mgs should be in the same cluster as m; and not in the same cluster
as mg, which is not possible since my,mo are in the same cluster. In [23] all mushrooms with missing
values are clustered together. If we allow partial clusterings, we can mark the cluster of mushrooms with
missing values as “not final”, so that we do not incur any penalty if our consensus clustering separates
two mushrooms with missing values.

We now give a general framework for the ranking problems and the clustering problems that we
consider in this paper. In the weighted minimum feedback arc set problem, we are given a set of vertices
V, nonnegative weights w = {w; j), w4 : {i,j} € V}, where we assume without loss of generality that
the weights are scaled so that w; jy + w4 < 1. We want to find a permutation 7 that minimizes the
weight of pairs of vertices out of order with respect to the permutation, i.e.

Z W(g,0)-
m (1) <m ()

The (unweighted) feedback arc set problem has weights that are either 0 or 1. The best known approxi-
mation algorithm for this problem has performance guarantee O(lognloglogn) [32][18], and the problem
is at least as hard as vertex cover [26]. In this paper, we will consider weighted feedback arc set problems
where the weights satisfy one of the following: probability constraints: for any pair i, j, w; ;) +w() = 1,
or the triangle inequality: for any triple 4, j, k, w¢ j) + wej k) > Wk We will sometimes refer to these
problems as the ranking problem. The feedback arc set problem in tournaments is the special case when
the weights satisfy the probability constraints and are either 0 or 1. Note that we can represent the
problem of ranking the teams of a round-robin sports tournament as a feedback arc set in tournaments
by setting w; jy = 1 if team 4 beat team j and 0 otherwise. Rank aggregation is also a special case of
weighted minimum feedback arc set, since we can set w; ;) = + Zf;:l 1{m (i) < mx(j)} where 1{-} is the
indicator function. Note that these weights satisfy the triangle inequality, and in the case of full rank
aggregation also the probability constraints.

In the weighted clustering problem, we are given a set of vertices V, and nonnegative weights wt =
{w{t i {t,j} CV}Hw = {w{ij} : {i,j} C V} satisfying w{tj} + wy; ;3 < 1 for every i,j. For ecase
of notation, we will use the notation ¢j instead of {i,j} in subscripts, hence from now on we will write
wjj = waj}, Wiy = W, iy We want to find a clustering C minimizing

+ —_
> Wi + > Wij-
{i,j}:7CeCs t.{i,j}CC {i,j}:3CeCs.t.{i,j}CC
The unweighted clustering problem in which each weight is either 0 or 1 is the correlation clustering
problem (in general graphs). The best known approximation algorithm for this problem has performance
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guarantee O(logn) [I3]. In this paper, we consider two special cases. We say the weights satisfy probability
constraints if for every i,j € V, w;; +w;; = 1. We will say the weights satisfy the triangle inequality
if for every triple 1, j, k, Wi W = Wiy and w;; +wy = wjk We note that the triangle inequality
assumption in [4] only assumes the first set of inequalities. The problem where exactly one of wjj
and w;; is 1 (and the other 0) is known as correlation clustering (in complete graphs). We will use
the term correlation clustering to refer to correlation clustering in complete graphs. Given an instance
Ci1,...,Cy of consensus clustering, we can define w;; = %Zi:l 1{EIC’ € C st {i,j} C C,Cis ﬁnal},
and w;; = % Zi:l 1{30 € Cy, s.t. exactly one of 4, j is in C’}. It is easily verified that the weights satisfy
the triangle inequality. If the input clusterings consist only of final clusters, the weights also satisfy the
probability constraints.

Hierarchical clustering can be seen as a generalization of correlation clustering. An M-level hierarchical
clustering of a set V is a nested clustering of the vertices in V', where the clustering at level m is a
refinement of the clustering at level m+ 1. Given a set V and a matrix D with D;; € {0,..., M} for any
distinct 4,7 € V, we want to find an M-level hierarchical clustering of V' minimizing Zz jev |Dij — Aijl,
where \;; is the number of levels in which ¢ and j are in different clusters, or equivalently, since the
clusterings are nested, 7 and j are in different clusters at levels 1, ..., \;;, and in the same cluster at levels
Xij +1,..., M. It was shown in [24] that this is equivalent to finding an wltrametric that minimizes the
£; distance to D. An ultrametric is a tree metric in which all vertices are at the leaves of the tree, and
the distance from each leaf to the root is the same.

We also consider constrained versions of these problems, which were introduced by Hegde and Jain [25]
(see also [34]). The constraints we consider are constraints on pairs of vertices. In the case of clustering,
constraints can be given as sets PT, P~ C V x V and any feasible clustering must have a pair i, j in the
same cluster if {i,j} € PT, and in different clusters if {¢, j} € P~. In hierarchical clustering, in addition
to matrix D, we are given matrices L,U such that L;; < D;; < U;; for every i,j € V. Any feasible
hierarchical clustering must have L;; < A;; < U;;, where \;; is again the number of levels in which ¢ and
j are in different clusters. In the ranking case, the constraints are a partial order P, and any feasible
solution must be a linear extension of P. These constraints can reflect prior beliefs about the output
ranking or clustering; for example, when aggregating the ranked results of different search engines, we
may want to ensure that the top-level page of a website is ordered before subpages of the site, or when
clustering webpages we can ensure all pages of a website are in the same cluster.

1.1 Related work. The feedback arc set problem in tournaments is NP-hard [4, B 12 [14]. Rank
aggregation is also NP-hard [I1], even if the number of input rankings is only 4 [16]. Correlation clustering
is MAX-SNP hard [13], and consensus clustering is NP-hard [33] 29], although it is not known to be NP-
hard if the number of input clusterings is constant.

The maximization versions of these problems, where instead of minimizing the pairwise deviations
from the input information we try to maximize the pairwise agreements, are “easy” to approximate: there
exist polynomial time approximation schemes (PTAS) for the corresponding maximization problems of
feedback arc set in tournaments [7) [21] and correlation clustering [10].

Ailon, Charikar and Newman [4] give the first constant-factor approximation algorithms for the uncon-
strained ranking and clustering problems with weights that satisfy either triangle inequality constraints,
probability constraints, or both. Their algorithms are randomized and based on Quicksort: the algo-
rithms recursively generate a solution by choosing a random vertex as a “pivot” and ordering all other
vertices with respect to the pivot vertex according to some criterion. In the first type of algorithm they
give for the ranking problem, a vertex j is ordered before the pivot k if w(; ) > w ;) or ordered after k
otherwise. Next, the algorithm recurses on the two instances induced by the vertices before and after the
pivot. In the case of a clustering problem, a vertex j is placed in the same cluster as the pivot vertex k if
wjk = W The algorithm recurses on the instance induced by the vertices that are not placed in the same
cluster as the pivot vertex. The second type of algorithm first solves a linear programming relaxation of
the problem under consideration, which has variables z(; ;) and x(; ;) = 1 —x(; 5 or x:; and z;; =1— sc;;
for every pair 4,7 € V for the ranking and clustering problems respectively. The pivoting scheme is then
used to randomly round the fractional solution, i.e. if k is the pivot vertex, then j is ordered before k
(clustered together with k) with probability ;) (x;rk) and ordered after k (not clustered in the same

cluster as k) with probability ;) (2,
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In the case of rank aggregation and consensus clustering, a folklore result is that returning the best
of the input rankings or clusterings is a 2-approximation algorithm. Ailon, Charikar and Newman also
show that one can obtain better approximation factors for rank aggregation and consensus clustering
by returning the best of their algorithm’s solution and the best input ranking/clustering. For instance,
for rank aggregation, they obtain a randomized %—approximation algorithm using their first type of

algorithm, and a randomized %-approximation algorithm using their second, LP-based, algorithm.

There has been a good deal of follow-up work since the Ailon et al. paper. Ailon and Charikar [3]
consider hierarchical clustering and fitting ultrametrics. An ultrametric satisfies the property that for any
three distinct vertices, the two largest pairwise distances are equal. An M-level hierarchical clustering is
a special case of an ultrametric in which the distance between each pair of vertices is an integer between 0
and M. Their algorithm for hierarchical clustering takes a random pivot vertex k, and adjusts the distance
of a pair i, j if the triple 4, j, k does not satisfy the ultrametric property. They show that this gives an
expected (M + 2)-approximation algorithm. They also give an LP based O(lognloglogn) approximation
algorithm for fitting ultrametrics.

Coppersmith, Fleischer, and Rudra [I5] give a simple, greedy 5-approximation algorithm for the rank-
ing problem when weights obey the probability constraints. Hegde and Jain [25] give a 4-approximation
algorithm for the same problem, and a 6-approximation algorithm for the constrained version of the
ranking problem with weights that satisfy probability constraints. Kenyon-Mathieu and Schudy [28] give
a polynomial-time approximation scheme for unconstrained weighted feedback arc set in tournaments
with weights satisfying b < w; jy + w(;;) < 1 for all 7,5 € V for some b > 0. Note that this includes
problems satisfying the probability constraints and hence includes the full rank aggregation problem as
a special case. Their approximation scheme assumes the availability of a solution with cost that is not
more than a constant factor a from optimal. To get a (1 + ¢)-approximate solution, the running time of

11

their algorithm is doubly exponential in ¢, 3 and «.

Ailon [2] considers the partial rank aggregation problem. He generalizes and improves some of the
results from Ailon et al. to partial rank aggregation. He shows that perturbing the solution to the
linear programming relaxation and using these perturbed values as probabilities gives a randomized
%—approximation algorithm for partial rank aggregation. Since his analysis only uses the fact that the
weights satisfy the triangle inequality, this also yields %—approximation algorithm for ranking with triangle
inequality constraints on the weights.

1.2 Our results. We show how to give deterministic algorithms matching the best randomized
algorithms of [4], [2], and [3]. This answers an open question in these works. It is a fundamental question
whether everything computable in randomized polynomial time is computable in deterministic polynomial
time (something that the recent PRIMES in P result by Agrawal, Kayal, and Saxena [I] provided some
additional evidence for). The techniques from Ailon et al. are not amenable to standard techniques of
derandomization, but we show that we can amortize in place of the expectation and make the randomized
algorithm deterministic.

In Section [2| and Section [3] respectively, we give simple deterministic algorithms as derandomizations
of the combinatorial algorithms in [4]. The analysis of these algorithms is simpler than the analysis of
the original algorithms, and actually implies the performance guarantees for the original algorithms as
well.

In Section [4] we consider constrained problems and show how to adapt our algorithms from Sections
and [3| to deal with constrained problems. In addition we show that, if we assume that the weights are
“consistent” with the constraints, then any approximation algorithm for an unconstrained problem with
triangle inequality also implies the same guarantee for constrained versions of the problem.

In Section [5 we extend the ideas from Sections [2 and [3] to the randomized rounding algorithms in [4]
and [2], and show how to derandomize these algorithms. Although the analysis of these algorithms gets
more involved, our analysis here is again simpler than the analysis of the original randomized algorithms,
and again implies the approximation guarantees of the original randomized algorithms.

Finally, in Section@ we show how to use the algorithm in Section to obtain a deterministic (M 4+ 2)-
approximation algorithm for M-level hierarchical clustering. The algorithm and its analysis follow easily
from Section [3] in contrast to the (expected) (M + 2)-approximation algorithm in [3], which is rather
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involved.

2. A simple ranking algorithm. Ailon, Charikar and Newman [4] propose a simple algorithm to
obtain a permutation that costs at most 2 times the optimum if the weights satisfy the triangle inequality,
at most 5 times the optimum in the case of probability constraints, and at most 3 times the optimum in
the case of feedback arc set in tournaments. Given an instance of the weighted feedback arc set problem,
they form a tournament G' = (V, A) by including arc (4, j) only if w(; ;) > w(; ) (breaking ties arbitrarily).
This is called the majority tournament [4]. Note that if the majority tournament is acyclic, it corresponds
to an optimal permutation: the cost for pair 4,7 in any solution is at least min{w; ;),w(; )}, and this
lower bound is met for every pair. We give a general framework, FAS-Pivot, which generalizes both our
algorithm, and the algorithm in [4]. We use the following notation: We denote by G(V') = (V', A(V"))
the subgraph of G induced by V/ C V. If m; and my are permutations of disjoint sets Vi, Vs, we let
m = mp, w2 denote the concatenation of the two permutations: if ¢ € Vi then (i) = 71(i) and if i € V4
then (i) = |Vi| + m2(7).

FAs-Pivot(G = (V, A))

Pick a pivot k € V.

Vo={ieV:(ik) e A},

Ve={ieV: (ki) e A}

Return FAS-Pivot(G(VL)), k, FAS-Pivot(G(VR)).

In Ailon, Charikar and Newman’s algorithm, G = (V, A) is the majority tournament and a pivot is chosen
randomly. In the algorithms we consider, G is either the majority tournament or a tournament obtained
by rounding the solution to a linear programming relaxation. The main difference between our algorithm
and that of Ailon, Charikar and Newman is that in our deterministic version of the algorithm, we will use
a lower bound on the weight of an optimal solution to give a way of always choosing a “good” pivot. We
will first state our algorithm, and in particular our choice of pivot, in general terms, and we then show
how this implies a 2-approximation algorithm for weighted feedback arc set with triangle inequality, a
8

z-approximation algorithm for partial rank aggregation, and a 3-approximation algorithm for weighted

feedback arc set with probability constraints.

Our algorithms will have a “budget” ¢;; for every pair of distinct vertices {i,7}. We will use the
notation {{i,j} C V} to denote the set of all unordered pairs of distinct vertices. Note that we dropped
the curly brackets in the subscript; we will always use the subscript ij to denote the unordered pair {i, j}.
The budgets will be chosen in such a way that the total budget is a lower bound on the value of the
optimal solution. Theorem below gives conditions under which we can show that on average the cost
incurred by a vertex pair is not more than « times its budget.

The first condition of Theorem states that the cost of ordering i before j if (i,7) € A is at most
« times its budget. Note that the only way a pair of vertices ¢, j is not ordered according to A (i.e. j is
ordered before i even though (i,j) € A) is if in some recursive call j ends up in Vy, and i in Vi. For a
pivot k, let Tk (G) be the set of arcs for which this occurs, if k is the pivot and the input to the recursive
callis G = (V, A), i.e. Tp(G) ={(i,j) € A: (j, k) € A, (k,i) € A}. Our algorithm chooses the pivot that
minimizes the ratio of the cost for these arcs to their budget.

We now prove the following key theorem, which states conditions under which FAS-Pivot can be used
to obtain a solution to a given input of a weighted feedback arc set problem, that costs at most « times

a given budget Z{i,j}gv Cij-

THEOREM 2.1 Given an input (V,w) of weighted feedback arc set, a set of budgets {c;; : {i,j} CV}, and
a tournament G = (V, A) such that

(i) wijiy < acgj for all (i,7) € A,
(1) Wi gy + Wik + Wik < oz(clvj +cjk + cki) for every directed triangle (i,j), (4, k), (k,i) in A,

then FAS-Pivot returns a solution that costs at most oy, iy ¢ij if we choose a pivot k that mim’mz’zeﬂ

2 (i) eT(@) W) 0
Z(i,j)eT;c(G) Cij
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PrROOF. Let G = (V, A) be a tournament that satisfies the conditions in the theorem. For a pair of
vertices i, j with (4,7) € A, we will say 7, j incurs a “forward” cost if ¢ is ordered to the left of j, and we
say 1, j incurs a “backward” cost if i is ordered to the right of j. In the latter case, we will also say that
(i,4) becomes a backward arc.

Let an “iteration” be the work done by FAS-Pivot(G) before the recursive call. We bound the forward
and backward costs that are incurred in one iteration by « times the respective budgets of the vertex
pairs involved. Since the conditions of the theorem will also hold in subsequent iterations, and since each
vertex pair incurs either a forward or a backward cost in exactly one iteration, this then guarantees that
we find a solution of at most « times the total budget given by Z{i,j}g\/ Cij-

Note that the first condition implies that a forward cost incurred by a pair 4,5 is at most ac;;. We
now show that the second condition implies that we always choose a pivot so that the total backward
cost incurred by pivoting on this vertex is at most « times the budget for these vertex pairs.

For a given pivot k, Ti(G) C A is the set of arcs that become backward by pivoting on k. The
backward cost incurred if k is the pivot is equal to Z(z‘,j)eTk(G) w(;,;), and we have a budget for these
vertex pairs of Z(i HeTw (@) Cis- Hence we need to show that we always choose a pivot such that the ratio
in is at most a. Note that this can be done by by showing that

Z Z Wi j) < o Z Z Cij- (2)

kEV (i,5)€T(G) kEV (i,5)€TH(G)

We observe that (7, j) becomes a backward arc if (k,7) and (j, k) in A, in other words, exactly when (i, )
is in a directed triangle with the pivot k. Therefore Tj(G) contains exactly the arcs that are in a directed
triangle with &k in G. Let T be the set of directed triangles in G, and for a triangle t = {(4, j), (4, k), (k,4)},
let w(t) = 32, nyet Wign) and let c(t) = 32 e Con- I We sum 32 o eq (o) W,y over all k € V, ie.
Y okev Z(i’j)eTk(G) w(;,;), then we count w; ;) exactly once for every pivot k such that (4, 7), (4, k), (k,) is

a directed triangle, hence 3y oy, 32 jyer () Wii.j) = 2rer w(t). Similarly, 3 »er @) cij = D ser c(1).
By the second condition of the theorem, w(t) < ac(t), therefore holds, and hence there must exist
some pivot k such that 3°; »er ) Wii.j) < 2 jer (@) G- O

REMARK 2.1 The proof of Theorem [2-1] also implies that under the conditions of the theorem, choosing
a pivot at random gives a solution with expected cost at most aZ{i,j}CV Cij-

LEMMA 2.1 The algorithm in Theorem can be implemented in O(n3) time.

PROOF. We maintain a list of the directed triangles in G for which all three vertices are currently
contained in a single recursive call, and for each vertex we maintain the total cost for the arcs that
become backward if pivoting on that vertex and the total budget for these pairs (i.e. the numerator and
denominator of ) We bound the time needed to maintain this information, and the time required by
the algorithm, given that this information is available, separately.

Given the numerator and denominator of for each vertex, we can implement a single recursive call
in O(n) time, and there are at most O(n) iterations, giving a total of O(n?).

Initializing the list of triangles and the numerator and denominator of (1) for each vertex takes O(n?)
time. Over all recursive calls combined, the time needed to update the list of directed triangles, and the
numerator and denominator of is O(n?): after each pivot, we need to remove all triangles that either
contain the pivot vertex, or contain (,j) where ¢ and j are separated into different recursive calls, and
for each triangle removed from the list, we need to update the numerator and denominator of for the
three vertices in the triangle. Assuming the list of triangles is linked to the vertices and arcs contained
in it and vice versa, finding a triangle that contains a certain vertex or arc, removing it, and updating
the numerator and denominator for the vertices contained in it, can be done in constant time. Finally,

3 Throughout this work, we define a ratio to be 0 if both numerator and denominator are 0. If only the denominator is
0, we define it to be co.
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note that each triangle is removed from the list exactly once, hence the overall time to update the list of
directed triangles, and the numerator and denominator of (1) is O(n?). O

2.1 Weighted minimum feedback arc set with triangle inequality and rank aggregation.
We now show that Theorem implies a 2-approximation algorithm for weighted feedback arc set with
triangle inequality. We then use the theorem plus a 2-approximation algorithm from Ailon [2] to obtain
an improved performance guarantee for rank aggregation problems, where in addition to the weights we
have the original input rankings.

THEOREM 2.2 There exists a deterministic combinatorial 2-approximation algorithm for weighted feed-
back arc set in tournaments with triangle inequality which runs in O(n3) time.

Proor. Let G = (V, A) be the majority tournament, i.e. (i,j) € A only if w; jy > wy; ;) (breaking
ties arbitrarily). Let c;; = min{w(; j),w(;,i} for every 4,7 € V. Note that Z{i,j}gv ¢i; is a lower bound
on the weight of any feasible solution. We will show that the conditions of Theorem are satisfied with
a = 2, hence Theorem plus Lemma [2.1| imply the result.

The first condition is met for every a > 1, since if (i,j) € A, then w(;; < w( j), hence w; ;) =
min{w j), W) ¢ = Cij-

Let t = {(3,4), (4, k), (k,7)} be a directed triangle in G, then by the triangle inequality on the weights,
Wi ) F WG k) T Wk < (WGa,k) + Wik, 5) + (W0 W ky) + (W) +W00) = 2(W(0 + Wk,g) + Wi k))-
Now note that (i,7) € A implies that ¢;; = w(;,;) and similarly, c; = w j), ki = wer). Hence
Wi ) + Wik + Wiy < 2(cij + ¢k + cki), and the second condition is satisfied for o = 2. O

As in Ailon, Charikar and Newman [4], we can do better in the case of rank aggregation. In fact,
we will extend the ideas from Ailon, Charikar and Newman [4], and Ailon [2] to give a combinatorial
%—approximation algorithm for partial rank aggregation.

Recall that in the partial rank aggregation problem, we have ¢ partial rankings 71, ..., 7, such that
w5 =1 Zﬁ,zl 1{(7¢ (i) < 7 (4))}. In the (full) rank aggregation problem, 7y, ..., 7, are full rankings.
A well-known 2-approximation for full rank aggregation outputs one of the input permutations at random:
the expected cost for pair i, j is 2w(; jyw(; ) which is not more than 2min{w; ;),w;:}. It follows that
returning the best input permutation is also a 2-approximation algorithm.

In the partial rank aggregation problem, we will denote by i = j if w; ;) = w(; ;) = 0, i.e. if none of
the input rankings prefer i to j or vice versa. Ailon [2] proposes the algorithm RepeatChoice for partial
rank aggregation. Let 71,..., 7, be the input rankings; 7 will be our final output ranking. We start by
setting w(i) = 1 for all i € V. Then we repeatedly choose an input ranking 7 uniformly at random
without replacement; we check each i,j € V and if w(i) = 7(j) but m4(¢) < 7x(j), we modify 7 so that
now 7'(i) < 7'(j). We can do this by setting 7'(h) = w(h) if 7(h) < 7(¢) and 7' (h) = n(h) +1if h =
or m(h) > m(i). At the end of the algorithm, the only pairs that have 7 (i) = 7(j) are the pairs such that
i = j. We break these ties arbitrarily, to obtain a full ranking.

Note that for i # j the probability that 4 is ranked before j is # which incurs a cost of wy; ;).
2,7 J,
Since i is either ranked before j, or j before i, the expected cost for pair 4, j such that ¢ # j is %,
V) J,

which is clearly at most 2 min{wy; j),w(;)}. Ailon shows that this algorithm can be derandomized.

Ailon, Charikar and Newman [4] show that the best of their algorithm’s solution and the best input
permutation is a %—approximation algorithm for (full) rank aggregation. We show that a similar guaran-
tee can be given for our deterministic algorithm, and moreover that this guarantee also holds for partial

rank aggregation, i.e. the best of our algorithm’s solution, and the solution given by RepeatChoice gives
a combinatorial %—approximation algorithm for partial rank aggregation. We remark that 1—71 ~ 1.57, and
% = 1.6 so our guarantee is slightly worse than the one given by Ailon et al.

THEOREM 2.3 There exists a deterministic combinatorial %-approximation algorithm for partial rank
aggregation which runs in O(n?®) time.

PROOF. We can exploit the fact that the (deterministic) RepeatChoice algorithm gives us a per-
2W (5,0 W)

YV Wy s O follows. Let 0 < v < 1. Given an

mutation 7 such that > . we) < Xy
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instance, we consider a modified instance with weights w(; ;) = yw ;) + (1 — 7)% if i # 7,
3) TW(
and ;) = 0 otherwise (since if i = j then w(; ;) = w(;; = 0). Suppose we have an algorithm

for the modified instance that is guaranteed to return a solution ¢ with Za(i)<a(j) Wiy < C. Since

v € [0,1], this implies that either Zo(i)<o(j) wiq) < C, or Za(i)<a(j) 2WG0WED < (. Now, note that

Wi, ) TWe,

206 WD) i 2WGEWGED g the latter case implies that the output of RepeatChoice

2io(i)<o()) Wi, 5w, FEV wii jy+wi i
satisfies Zﬂ'(i)<ﬂ(j) w(j,;y < C. Hence given an algorithm for the modified instance which outputs a so-
lution of modified cost at most C, and permutation 7 from the RepeatChoice algorithm, we can give an
algorithm for the original instance which outputs a solution of (original) cost at most C.

To prove the theorem, we will show that Theorem implies that we can define a modified instance
for which FAS-Pivot is guaranteed to return a permutation ¢ of modified cost at most %OPT, where
OPT is the optimum of the original instance.
2w T _ 2 3 2W(;,)W(i,5)
50 80 W(ij) = 5Wais) T 5w dw s
(where we note that the majority tournament with respect to the original weights w is the same as
the majority tournament with respect to the modified weights w). Let ¢;; = min{wy; j),w;)}. Since
Z{i,j}gv cij < OPT, we just need to show that the conditions in Theorem hold for a = &

Let v = Let G = (V,A) again be the majority tournament

5-

The first condition of Theorem is met for a > %, since if (i,7) € A, then w;;) = ¢, so if i # j
then 2 3 2 6 8
’lb(j,i) — 7w(j,i) + ,2M — *Cij + ,M g *Cij;
5 5 weiy) tWia 5 dwig) teij — b
and of course if i = j then w;; = ¢;; = 0.

To show the second condition is met, we let a;; = w(; jy 4+ w; ), and first rewrite @, ;) for (i,j) € A
with ¢ # j:

2
6 i)

S T R )|
_5 (6:4) 50,1‘]'.

. 2 3, We)Wha 2 6 w5 (ai; — we )
P = —w( So UHUY Dy i \Z ,
w( ,3) 5’[1}( J) + 5 w(i,j) + w(j,i) 5’(1}( 7]) + 5 aij

Let {(4,7),(j, k), (k,i)} be a directed triangle in G. We want to show that W jy + W k) + W,y <
a(cij + cjp + ck;). Note that if ¢ = j, then W5 = cij = 0, hence i, 7 contributes nothing to either side

2
of the inequality. Hence we need to show that 3° h)et'giéh(%w(%h) - gwa%h)) <8 > (g.h)et-g2h Cah-
h)Et: . o h)et:

By the triangle inequality on the weights, w(; jy + wj k) + Wiy < W) + Wik + (W) + W) =
a;j + ajx. Similarly, we get that w; j) +w(x) + Wk, < aij + ag; and w ) + W k) + Wk < Ajk + g
Adding these inequalities, we get that Z(g’h)et Wig,h) < %Z(g,h)et agh-

By these observations and since g # h if and only if ag, > 0, we can apply Claim below,

U)2 ’LU2
and conclude that >, j)e.qzn (16w<g,h> — 6 8“9h) < 0,00 3 g metigzn <8W<g,h> - 6(“)) <

h Agh

Z(g,h)et:g;‘éh 8(agn — wig,n)) = Z(g,h)et:gzh 8cgh, as required. i

CLamM 2.1 For w = (w1, wa,ws), and a = (a1, az,a3) such that 0 < w; < a; < 1 fori =1,2,3, and

3 3
Yiiwi <330 ai )

3 (16w, — 6% — 8a;) < 0.

ira;>0 ¢
PROOF. Let f(w,a) = > .., oo (16wi - 61;—?2 - 8ai), and let P = {(w,a) 0 < w; <a; <1, for

1=1,2,3, and Z?:I w; < %Z?:l a,}. We want to show that sup{f(w,a)|(w,a) € P} <0.

Note that P is a closed and bounded set, and f is continuous on P, hence f attains a maximum on
P. We make the following observations:

(i) The maximum has $°_ w; = %Z?:l a;: Take any solution with 3°_ w; < %E?:l a;. Then
there exists some w; < a;. Let 6 > 0 such that § < aj; —w;, 6 < % Z?Zl a; — Z§:1 w;. Note that
since 0 < w; < aj, 2w; < 2a; < %aj, therefore we can choose v > 0 with v < min(d, %aj — 2w;).
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Increasing w; by + changes f by 16y —6% = 7(16—6%2,“’”’) > 0, where the final inequality
follows since v + 2w; < 3a;.
(ii) We now consider a fixed @, with a; > 0 for i = 1, 2 3 Then max1mlzlng f(w,a) subject to

Since Y, 2L is a convex function

3
Do wp = 3 2% | @; reduces to minimizing 3, a0 T

i:a;>0 ai
of w, and Zi:l w; = % Zz ! a; is linear, a necessary and sufficient condition for w to be a global

minimum is (i) Z?Zl w; = 3 Z _, a; and (ii) there exists some ¢ such that 2““ = ¢ for every i
such that a; > 0. This implies that the global minimum is achieved at w; = az for every 1.

It remains to note that f(w,a) =0 if w; = %ai fori=1,2,3. |

2.2 Weighted feedback arc set with probability constraints. In the previous subsection we
used Z{i,j}gv min{w(; j),w )} as the lower bound or budget in Theorem [2.1| If we only know that
the weights satisfy the probability constraints, this lower bound has the problem that it is possible that
min{w; j),w,s)} = 0 for all 7, j, even if there is no feasible solution with cost 0. We will therefore now
turn to a linear programming relaxation, which can provide a better lower bound. If we let x(; ;) = 1
denote that i is ranked before j, then z should satisfy probability constraints and the triangle inequality:
any feasible ranking satisfies z(; ;)+x ;) = 1 and x; j)+2 (k) +T (k) > 1 (sinceif x¢; jy+2 (5 +2 ) = 0,
then j is ranked before 4, k is ranked before j but i is ranked before k, which is not possible). Hence the
following linear program gives a lower bound on the minimum weight feedback arc set:

min ) (%J)%J) + x(j,nww))
{i.3ycv
s.t. T(ig) T TGk T Ty = 1 for all distinct ¢, j, k
(LPpas) Tty =1 for all ¢ # j
T(ig) 2 0 for all 7 # j.

We use an optimal solution = to (LPrag), to give the budgets in Theorem and in addition we use
it to form the tournament we need in Theorem [2.1]

THEOREM 2.4 There exists a deterministic 3-approximation algorithm for weighted minimum feedback
arc set with probability constraints.

PROOF. Let x be an optimal solution to (LPras). We let cij = x(; jyw(;i) + 2¢j,iW(,5). We form
a tournament G = (V, A), where (i,j) € A only if z(; ;) > 1. We show that the conditions in Theorem
hold with a@ = 3. Since Z{i,j}gv cij is a lower bound on the weight of any feasible solution, this will
imply the result.

The first condition in Theorem [2.]] ﬂ holds with a = 2, since for (,j) € A, w(; ) < 225w < 2¢ij.

Let t = {(4,7), (j, k), (k,i)} be a directed triangle in G. We need to show that > ,)c; wign) <
3> (g.h)et Cgh- We denote the lefthand side by w(t) and the righthand side by 3c(t). We first rewrite the
right hand side:

c(t) D (Wi Tgn + wign (1 —(gn))

(g:h)et

= > wem+ Y, (W — Wen)Temn
(g,h)€t (g;h)€t

= w(t)+ D (Wng) — Wen)T(gn):

(g,h)et

Suppose without loss of generality that w; ;) —w; ;) = min(g,h)et{w(h’g) —w(g’h)}. To give a lower bound
on c(t), we consider the case that w;;) — w ;) > 0 and the case that w; ;) — w ;) < 0.

In the first case, w(n,g)—w(g,n) = 0 forall (g, h) € t. Hence c(t) = w(t)+3_(, nyer(Win,g) —W(g,h))Z(g,n) =
w(t). In the second case, we rewrite c(t) further as
1

1
ot) = wlh+ Y 5 (W —wem)+ Y (%JL)—Q) (W) = Wig,n)-

(g;h)€t (g,h)€t



Mathematics of Operations Research 00(0), pp. xxx—xxx, ©20xx INFORMS 11

By the definition of A, x(, ;) — 5 > 0 for every (g9,h) € t, and we know from feasibility of = that
Z(g,h)et T(g,n) < 2. This means that if min g p)ei{win,g) — wig,n)} = Wi, — W) <0, then ¢(t) obtains
its lowest possible value if z(; ;) = 1 and z(j 1) = T, = % Hence in this case

1 1
c(t) = wt) + (Wi — wig) + 5 Wag = wim) + 5 WEw — W)
1 1
= Wi+ 5Weeg) T WGw) + 5 WGk + W) (3)

Since the weights satisfy the probability constraints, wg ) + wn,g) = 1, and hence is equal to
1+w(;; > 1. By the probability constraints we also know that w(t) < 3, hence it follows that w(t) < 3c¢(t).
O

REMARK 2.2 The LP based method from Theorem can also be applied to give a 2-approximation
algorithm for instances when the weights satisfy the triangle inequality. In the case when the weights
satisfy the triangle inequality, the part of the proof of Theorem that follows (@ should be changed to:
“When the weights satisfy the triangle inequalily, w; 1y +wk, jy = W 4), so the quantity in (@) is not less
than w(j ;) + sw(t) > Fw(t).”

3. A simple clustering algorithm. We will now show how to turn the algorithms from the previous
sections into algorithms for correlation and consensus clustering. We use similar ideas as in Ailon,
Charikar and Newman [4].

Instead of the majority tournament, they consider the complete undirected graph G = (V, E), and
partition the edge set into two sets E1, E~ so that ET contains the edges {i, j} such that w;; > w;; and
E~ contains the edges {i,j} with w;; > w;; Edges {i,j} for which w;; = w,; can be in either E* or
E~, aslong as ET, E~ form a partition of E. As in [4] we will say this graph has a “bad triplet” if there
exist vertices 4, j, k such that {i,5} € ET,{j,k} € ET,{k,i} € E~. Tt is not hard to show that if the
graph has no bad triplets, then there is a clustering that has 7, j in the same cluster if {7,j} € ET and in
separate clusters if {i,j} € E~. Clearly this is an optimal clustering, since for any vertex pair, the cost

. . . . . . JF -
incurred in this clustering is min{w;};, w;;}.

We give the algorithm CC-Pivot from [4] below (where in the version in [4] the pivot is chosen randomly
from V). We use the following notation: Given G = (V, ET, E~), we denote by G(V') the subgraph of
G induced by V' C V.

CC-Pivot(G = (V, E*, E7))

Pick a pivot k € V.
C={k}u{ieV:{ik}eEt}
R={ieV:{i,k} e E-}.
Return {C, CC-Pivot(G(R))}.

Ailon, Charikar and Newman [4] show that if the pivot is chosen uniformly at random from V', then
CC-Pivot gives a 5-approximation if the weights satisfy probability constraints and a 3-approximation
algorithm for correlation clustering. It can also be shown using their analysis that CC-Pivot with a
random pivot gives a 2-approximation if the weights satisfy the triangle inequality. As in the case of
ranking, we show that we can give a deterministic version of this algorithm with the same performance
guarantees, by using a lower bound on the optimal value to guide our choice of pivot vertex.

Suppose a pair of vertices ¢,j is not clustered according to G. If j is clustered with i even though
{i,j} € E—, then there is some recursive call in which both ¢ and j end up in cluster C. If j is not
clustered with ¢ even though {4,j} € E*, then there is a recursive call in which ¢ ends up in cluster C,
and j is added to R. Neither i nor j can be the pivot in these cases. For a pivot k, let T} (G) and T}, (G)
be the sets of pairs for which these two events occur, if k is the pivot and the input to the recursive
call is G, i.e. T} (G) = {{i,j} € E* : {j,k} € E~,{i,k} € E*} and T}, (G) = {{i,j} € B~ : {j,k} €
Et {i,k} € ET}.

We have a theorem similar to Theorem in the previous section:
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THEOREM 3.1 Given an input (V,wt,w™) of weighted clustering, a set of budgets {c;; : {i,7} CV}, and
a graph G = (V,E*,E~), where E*,E~ is a partition of {{i,j} C V} such that

(i) w;; < aciy for all {i,j} € EY, and
wf; < ac;j for all {i,j} € E—,

(ii) w;; + w;k +wy; < alcij + ¢k + cri) for every bad triplet {i,j} € E*,{j,k} € E* {k,i} € E~.
Then CC-Pivot returns a solution that costs at most « Z{i,j}gv cij if we choose a pivot k that minimizes

+ —
2igyery @) Wi ¥ X pigyery @) Wi

(4)

Z{z‘,j}eT:(GwT;(G) Cij

PrOOF. Let G = (V,ET,E™) be a graph that satisfies the conditions in the theorem. For a pair
{i,7} with {i,j} € E*, we will let w;; = wl‘; and w;; = w;;. For a pair {i,j} with {i,j} € £, we let

= Ui = wt
wij = w,;; and Wi; = w;;.

If a pair 7,7 is clustered according to G, the cost incurred is w;;, and for each pair not clustered
according to G, the cost is w;;. In order to stress the similarities with the ranking algorithm, we will call
the first type of cost “forward cost” and the second “backward cost”.

The first condition implies that the forward cost is at most ac;;. As in the ranking case, we will show
that the second condition implies that we always choose a pivot so that the backward cost incurred by
pivoting on this vertex is at most « times the budget for the vertex pairs involved.

For a given pivot k, T} (G) U T, (G) is the set of pairs that incur a backward cost by pivoting on k
when the set of vertices in the recursive call is V. Observe that if {i,j} € T,j (G), then 4,7,k is a bad
triplet, since {¢,7} € Et, {i,k} € ET and {j,k} € E~, and if {4,5j} € T} (G), then i, j, k is also a bad
triplet, since {i,5} € E~, {i,k} € E* and {j,k} € E™.

Therefore T} (G) U T}, (G) contains exactly the pairs that are in a bad triplet with k in G. The cost
incurred for the pairs in 7} (G)UT}, (G) if k is the pivot is equal t(? Z{i’j}eT:(G) w; +Z{i,j}€Tk_(G) w;j =
X tigyert (@ury (¢) Wij» and we have a budget for these vertex pairs of 3 ; iy ert @yur- () ij- The pivot
chosen minimizes the ratio of the backward cost that is incurred to the budget for these pairs. We now
show that the second condition implies that there exists a pivot for which this ratio is at most a.

Let T be the set of bad triplets in G, and for a bad triplet with {4, j} € ET,{j,k} € ET,{k,i} € E~, let
w(t) = w;;—i—w;rk—&—w,;i = w;j+Wjk+wg,; and let c(t) = ¢;j+cjp+cps. If we sum Z{i,j}eT,j’(G)UTk_(G) w;j Over
allk € V,ie > oy Z{i,j}eT,j(G)uT;(G) w;;, then we count w;; exactly once for every pivot k such that
t}.le Yertex pairs {i, j}, {j, k}, {k, 4} are in a bad triplet, hence ), ., Z{i,j}eT,j(G)uka(G) wi; =Y erw(?).
Similarly, Z{i,j}eT}j'(G)UTk_(G) cij = D ser ().

By the second condition of the theorem, w(t) < ac(t). Therefore, there must exist some pivot k such
that Z{i,j}eT,j(G)uT;(G) wi; < Z{i,j}eT,j(G)uT;(G) ¢ij, and the backward cost incurred when pivoting
on k is not more than « times the lower bound on the cost for the vertex pairs involved. O

REMARK 3.1 The proof of Theorem [3.1] also implies that under the conditions of the theorem, choosing
a pivot uniformly at random gives a solution with expected cost at most O‘Z{i,j}gv Cij-

LEMMA 3.1 The algorithm in Theorem can be implemented in O(n?3) time.

PrOOF. The implementation can be done exactly as in the case of the ranking algorithm, except
that we now maintain a list of the bad triplets for which all three vertices are in a single recursive call,
and for each vertex we maintain the total backward cost incurred if pivoting on that vertex and the total
“budget” for the vertex pairs involved. O

3.1 Weighted clustering with triangle inequality and consensus clustering. We now show
how to use Theorem to obtain a 2-approximation for clustering with triangle inequality. As in the
case of rank aggregation, we then show that we can use the theorem plus the input clusterings to obtain
a %-approximation algorithm for consensus clustering.
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THEOREM 3.2 There exists a deterministic combinatorial 2-approximation algorithm for weighted clus-
tering with triangle inequality which runs in O(n3) time.

PROOF. Partition the edges of the complete graph on V into E, E~ so that if {i,j} € E* then
wj] > w;; and if {7, j} € £~ then w;; > wjj Let ¢;; = min{wjg,w;j} for every i,j. Clearly >0/, 1y cij

is a lower bound on the cost of any clustering of V.

The first condition of Theoremis met for o > 1. Let {i,5} € BT, {j,k} € E*,{k,i} € E~ be a
bad triplet. By the triangle inequality on the weights,

+ - + _
wij < w]‘k + Wy, = Cjk + Cki, (5)
wi < wi +wi = g + ¢, (6)
Wiy S Wi Wy = Cij + Cjk (7)

Adding these three inequalities implies the second condition of Theorem holds for o« = 2. Hence
Theorem [3.1] gives a deterministic combinatorial 2-approximation algorithm, which by Lemma [3.1] can be
implemented in O(n?) time. O

In the case of consensus clustering, we can again do better. Recall that we are given ¢ collections
C1,...,Cy, where each Cy, is a partition of V' in which each set has a label “final” or “not final”. We defined
w), =1, 1{3C € G s.t. {i,j} € C,C is final}, and wy; = 1 57, 1{3C € Cp, st. |{i,j} N C| =1}
where 1{.} is the indicator function. We will first need a 2-approximation algorithm like RepeatChoice
for partial rank aggregation from [2].

We will maintain two collections Capa) and Chot final sSuch that their union is a partitioning of V. We
start by setting Csnal = 0, Cnot final = {V'}. We repeatedly choose an input clustering Cj uniformly at
random without replacement; we consider the sets C' € C, one by one, and use C' to further divide the
clusters in Cpot final- If C itself is final, the resulting sets become final clusters. To be precise, we find the
collection D = {C N Chot final}- We update Cpot final t0 be {Chot fina1 \C'}. If C is final, we add the sets in
D to Cgnal, otherwise, we add D to Cphot final-

Once all input clusterings have been considered, we add the clusters in Cyot final 0 Cinal and we output
Cfinal- Suppose that there still was some set C in Cpot nal at the end of the procces. If one of the input
clusterings Cy, .. .,Cy has a final cluster containing a vertex in C, then this vertex would be in some set in
Ctinal- Hence the sets in Cpot final contain vertices that are not in any final cluster in the input clusterings.
Also, Cq,...,C, must each contain some superset of C' as a not final cluster, since otherwise C' would not
be a set in Cpot final-

We therefore get that for two distinct vertices 7, j in some cluster C' € Cyot, final Once all input clusterings
have been considered then w;"» = 0 and w;; = 0. In other words, the input clusterings give us no
information about the similarity or dissimilarity of 7, 7. We will denote this by i || j.

CC-RepeatChoice(V,Cy,...,C/)

Initialize Chnal < 0, Coot final < {V}, K {1, ... ,E}.
While |K| >0
Choose k € K uniformly at random.
For C € C} do
D—{CNC :C" € Cpot final}-
Chot final < {C/\C :C" € Chot ﬁnal}-
If C' is final, then
Cﬁnal — Cﬁnal U Dv
else

Cnot final < Cnot final UD.
K — K\{k}.
Cﬁnal — Cnot final U Cﬁnal~
Return Cqpar.
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LEMMA 3.2 Let C be the output of CC-RepeatChoice(V,Cy,...,Cs). Then the expected cost of C is
u)f’ujf
i ij

2oyl 2t s

PROOF. Note that two vertices 4,7 which are in some set in Cpot final are separated into different
clusters if Ci contains a cluster C' (which may be final or not final) which contains only one of ¢ and j.
If, on the other hand, Cj, contains a final cluster C' that contains both ¢ and j, then ¢ and j will be in the
same cluster in Cgna and hence in the output C. Hence the probability that two vertices 4,5, with 7 |f j

+
are in the same cluster of C is equal to w+w+” —, and the probability that they are not in the same cluster
ij ij

I
WijWij

d

of C is wfu; —. It follows that the expected cost in C for pair 4, j is 2

L
it Wi wiitwg;

.o

Since 2% <2 min{w;;, w;}, CC-RepeatChoice is a 2-approximation algorithm. This algorithm can
i TWij

be derandomized using the method of conditional expectation [17].

THEOREM 3.3 There exists a deterministic combinatorial %-appro:cimation algorithm for partial consen-
sus clustering that runs in O(n®) time.

PROOF. We can exploit the fact that the (deterministic) CC-RepeatChoice algorithm gives us a
+

wujj: w;{ in a similar fashion as in the rank aggregation case.

ij ij

clustering C of cost at most Z{i,j}:iw 2

As in the proof for Theorem [2.3] we can consider a modified instance with weights

+ —
ot = 240 3y Wit
Wij = Wyt g

5 5 w;; + w;

+
w,, = gw_+§ i
1] 5 1] 5 w;{;+w;

fori |fj. If i || j, then we let u?;; = w;; = 0, since in that case both wj; = 0 and w;; = 0, and no cost is
ever incurred for 4, j.

;;, wl_]} We will show that T heorem implies that we can find a clustering
with modified cost at most %Z{m‘}gv cij < %OPT, where OPT is the optimal value of the original
instance. By the definition of the modified costs, it follows that either this clustering has (original) cost
at most %OPT , or the CC-RepeatChoice solution has cost at most %OPT.

We let G = (V, E™T, E7) be the same as in the proof of Theorem ie. {i,j} € ET only if w;; > w;;

We again let ¢;; = min{w

and {i,7} € E~ only if w;; > wj; (breaking ties arbitrarily).
+
ij?

of this notation: If {4,j} € ET, then wj] = Wij, w;;

Let w;; = max{w w{_m}}, and let a;; = w(t'u') + w(_j’i) = w;; + ¢;j. We rewrite the weights in terms

= ¢y, hence if ¢ |f j

it 2y 4 O Wi
wij = TW;ij

5 5’LUij+Cij
- 2 6 W;5Ciq
o Y eV

= —¢i; + = .
K 5 S w;; + ¢

Similarly, {i,5} € E~, then wjj = ¢;j, w;; = wyj, and for i |f 7,

- 2 6 W;iCij
wj] = —Ciy + )
5 5wz~j+cij

- 2 6 W;5Ci4
By = Fwig o —l
5 5w7;j +Cij

We see that in this notation, if 7 |J j then irrespective of whether the edge {i,j} is in E* or E~, the

iq 24, 4 B _WiCij iq 2,4 6 _WijCij
backward cost is wg; + = Wi and the forward cost is =Cij + = e

The first condition of Theorem [3.1]is met for o > &, since for i |J j, 2¢;; + & 24 < 8¢, and for

57 » 5] 5 wij+cij 51
. . ~+ = _
il 7, w;; = w;; = ¢ = 0.
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To verify the second condition, let i, j, k be a bad triplet in G with {i,j} € E*,{j,k} € E* {k,i} € E—,
and let t = {{4,5},{J, k}, {k,i}}. We need to show that

_ - - 8
w;”j + w;;c +w,; < 5(6” + cjk + Chi)- (8)
We rewrite the expression for the backward cost of g |f h as
2 6 WynCah 2 6 wyp(agh — Wan 8 6w
gwgh+5A7*wgh+*g(g—g)i gh_,i'
Wgh + Cgh 5 5 agh 5 S agp

Since pairs {g,h} € t such that g || h contribute 0 to both sides of (8), we need to show that
Z{g RYet:glfh ( Wgh — 27) < %Z{g,h}et:gu/h Cgh.-

By adding inequalities , @) and @, we see that w;; +wjx +wg; = wjj—l—wjk—&—w,; < 2(cij +cjk+c;ﬂ»).
Hence 3(w;j+wjr+wii) < 2(cij+cjn+cri) +2(wij+wjp+wg:) = 2(a;;+a;x+ag;) . Hence the conditions of
Claim 2.1]are satisfied, and therefore } ¢/ 1y er.0m (Bwgn— g%) D o{g.hyetglh 5 8 (agn—wgyp) as required.
O

3.2 Correlation clustering and weighted clustering with probability constraints. In the
case of clustering with probability constraints, we can use the optimal solution to a linear programming
relaxation to provide the graph G = (V, E™, E~) and the budgets ¢;; in Theorem (3.1} ﬂ

Let xi = 1 denote that ¢ and j are in the same cluster, 1:Z = 0 that ¢ are j are not in the same

J
cluster, and let z;; =1 — x . The variables must satisfy the triangle 1nequahty, which combined with the
fact that they satlsfy the probablhty constraints, reduces to z;; + it xlk > 1 for every 1, j, k. These
constraints capture the fact that it is impossible that i and j are in the same cluster (z;; = 0), j and k
are in the same cluster (z;; = 0), but i and k are not in the same cluster (z}, = 0). The following linear
program thus gives a lower bound on the value of an optimal clustering:

min Z (m";w + w';)
{i,3}CV
s.t. O zh > 1 for all distinct 4, j, k
(LPcc) x,»j +z,;=1 for all i # j
ac;;,x;] >0 for all 7 # j.

This linear program was also used by Ailon et al. [4] for the randomized rounding algorithm we will
discuss in Section[5] We show that it can be used together with Theorem [3:1]to give a simple deterministic
rounding that guarantees a 3-approximate solution.

THEOREM 3.4 There exists a deterministic 3-approximation algorithm for weighted clustering with prob-
ability constraints.

PROOF. Let x be an optimal solution to (LPc¢). We will let Cij = xj]w +x; w;;, and we partition
the edges of the complete graph on V into ET, E~ so that if {i,j} € ET then x+ >a;,andif {i,j} € E~

then :c > ml

177
J°

The first condition in Theorem holds with « = 2, since if {i,5} € ET, then 1’:; > %, hence

Cij = :E+w + w+ > 1 sw;;, and similarly if {i,j} € £, then z;; > 1, hence ¢;; > %wj;

To see that the second condition holds, let 7, j, k be a bad triplet with {4, j} € ET,{j,k} € ET,{k,i} €

~and let t = {{i,j},{j,k},{k,i}}. Let w;; = wjj,wjk = Wy, Wk = Wy, and let w;; = w;;,
wjk, Wi = wkt., in other words wgy, is the backward cost for pair {g, h} and Wy, is the forward cost. We
need to show that w;; +wjr +wki < 3(cij+cjrp+cri). Let zg, = x 1f {g9,h} € E*, and let x4, = x,
otherwise. Then

wjk =

(9,h)

cgh = Wgn(1 — Tgn) + WgnTgn = Wen + (Wgn — Wgn)Tgh. 9)

We also note that the feasibility of solution to (LPc¢) implies that (1 — ;) + (1 — i) + (1 — ap) > 1,
or Tj; + Tk + Tk < 2.
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Suppose W;; —w;; = min{w;; —w;;, Wjk —Wjk, Wk; —Wk; ;. This assumption is without loss of generality,
since we will not be using any property to distinguish {¢, j} from {j, k} and {k, i} except for the fact that
W;j — wij = min{w;; — wij, Wik — Wik, Wki — Wi -

To give a lower bound on ¢(t), we consider the case that w;; —w;; > 0 and the case that @;; —w;; < 0.
In the first case, also w;r — wjr > 0 and Wx; — wy; > 0, and hence we see from @ that ¢;; + cjr + cri >
Wij + Wik + W

On the other hand, if w;; — w;; < 0, then we use the fact that x;; + ;i + xx; < 2, and that each
x-value is at least % by definition. If we look at

Cij + Cjk + Chi = Wij + Wik + Wi + (Wij — wig)Tij + (Wjk — wik)Tjk + (ki — Wki)This

then we see that by our assumption that w;; — w;; is the most negative value among the three, the
smallest possible value this can take is if z;; = 1,2, = %, Thi = %, hence

_ 1 _ _
Cij +Cjk T Chi > Wij + Wik + wii + (Wi — wig) + §(wjk — wjg) + 2(wki — W)
1 1
= w; + i(wjk + W) + §(wm‘ + W;). (10)

Since the weights satisfy the probability constraints, wgn + wgr = 1, and hence the above is at least 1.
But by the probability constraints we also know that w;; + wjr + wg; < 3. O

REMARK 3.2 The LP based method from Theorem can also be applied to give a 2-approximation
algorithm for instances when the weights satisfy the triangle inequality. In the case when the weights
satisfy the triangle inequality, we note from equations (@, @, @) that W, + Wg; > w;j, hence the
quantity in @) is not less than %(wij + Wk + Wei)-

4. Constrained problems. We now turn to constrained problems. In a constrained feedback arc
set problem, we are given a partial order (V, P) in addition to (V,w), and our output needs to be a linear
extension of P.

In a constrained clustering problem we are given sets PT, P~ such that any feasible clustering should
have 4, j in the same cluster if {i,j} € PT and in different clusters if {i,j} € P~. We also assume that
P*, P~ are consistent and transitive, i.e. that P* N P~ = ( and if {i,j},{j,k} € P* then {k,i} € P+
and if {i,j} € PT,{j,k} € P~ then {k,i} € P~.

For a constrained problem with general weights, we can give an extra set of conditions on the tourna-
ment G = (V, A) or the graph G = (V, E*, E~) in Theorems [2.1| and that ensure that the solution
returned by the FAS-Pivot and CC-Pivot algorithms satisfy a given set of constraints.

LEMMA 4.1 Given a partial order P, if the tournament G = (V, A) in Theorem satisfies that if
(i,7) € P then

(i) (i.4) € A, and
(i) there exists no k such that both (j, k) € A, (k,i) € A,
then FAS-Pivot outputs a linear extension of P.
PROOF. It is clear from the proof of Theorem [2.I] that a pair 4, j is not ordered according to the arc

connecting them in the tournament G only if there is some directed triangle containing this arc. Hence
the conditions of the lemma ensure that the solution is a linear extension of P. ]

LEMMA 4.2 Given sets PT, P~ C {{i,j} : {i,j} CV}, if G = (V, E*,E™) in Theorem[2.]] satisfies:
(i) {i,j} € P implies that {i,j} € E* and {i,j} € P~ implies that {i,j} € E~.

(i) If {i,j} € P*, then there exists no k such that both {j,k} € E*,{k,i} € E~, and if {i,j} € P,
then there exists no k such that both {j,k} € E* {k,i} € ET.

then CC-Pivot outputs a clustering that has i,j in the same cluster if {i,j} € P and i,j in different
clusters if {i,j} € P~.
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ProoF. If {i,j} € ET, then the only case in which the clustering found by CC-Pivot will have i and
7 in different clusters is if there is some bad triplet containing i, 7 and the third vertex of the bad triplet
is chosen as pivot. Similarly, if {i,j} € E~ then ¢ and j can only end up in the same cluster if there
is a bad triplet containing i, 7. Hence the conditions of the lemma ensure that the clustering found by
CC-Pivot satisfies the requirements given by P, P~. |

4.1 Ranking and clustering with probability constraints. Using Lemmas [£.1] and [£:2] we can
now show that the results in Theorem and Theorem for weighted problems with probability
constraints also hold for constrained versions of these problems.

THEOREM 4.1 There exists a deterministic 3-approximation algorithm for constrained weighted minimum
feedback arc set with probability constraints.

PROOF. We only need to show that we can ensure that the tournament described in the proof of
Theorem [2.4] satisfies the two conditions of Lemma E1l

Let P be the input partial order. We add the following constraints to (LPrags):
x5 = 1 for all (i,7) € P.
Let x be an optimal solution to (LPras). Note that E{i7j}gv(w(i,j)33(j,i) + W4T (,5)) still provides a
lower bound on the optimal value. As in the proof of Theorem we form a tournament G = (V, A) by
including arc (7, j) only if z(; ;) > % Such a tournament satisfies the first condition of Lemma We
can ensure that we satisfy the second condition by being careful about breaking ties, as shown below.

Suppose (4,7) € P and (i, j), (j, k), (k, i) is a directed triangle in G. Since (i,7) € P, z(; jy = 1, and
if (j, k), (k,i) are in A, then we must have x; ) > %,x(;m) > % But by the first set of constraints of
(LPraS), T(iky +T(k;) = 1= =1, 00 1 =2 +1 =2, > 1, hence 2, ;) and ;1) must be equal
to % Hence we can ensure that there are no directed triangles containing arcs in P by first labeling the
vertices such that if (i, j) € P, then label(i) < label(j). In the case of a tie z(y 1) = z(,4) = 3, we add arc
(g,h) to A if label(g) < label(h). Now an arc (4,7) € P cannot be in a directed triangle (i, j), (j, k), (k, ?)
in A, since if it were then label(j) < label(k) and label(k) < label(i), which contradicts the property of
the labeling that (i,7) € P implies label(i) < label(j). O

THEOREM 4.2 There exists a deterministic 3-approximation algorithm for constrained clustering with
probability constraints.

ProoF. We only need to show that we can ensure that the partition of the edges into E+,E~
described in the proof of Theorem satisfies the two conditions of Lemma Let PT, P~ be the sets
of vertex pairs that need to be in the same cluster respectively in different clusters. We add the following
set of constraints to (LPcoc¢):

J:;; =1 for all {i,5} € P+

x;; =1forall {i,j} € P,
Note that we can do this while maintaining that the optimal value of (LPx¢) gives a lower bound on the
cost of the optimal clustering.

We label the vertices in V' such that {i,j} € PT = label(i) = label(j) and {i,j} € P~ = label(i) #
label(j). Note that this can be done by having one distinct label for each connected component of the
graph (V, PT), and giving this label to all the vertices in the component. We now partition the edges into
ET,E~ as in the proof of Theorem except that in the case when xjj = x,;;, we no longer break ties
arbitrarily, but add {4,j} to ET if i and j have the same label, and otherwise we add {i,j} to E~. The
edge sets ET, E~ satisfy the first condition of Lemma We now verify that they satisfy the second
condition.

Suppose {i,j} € PT and 4,j and k form a bad triplet, i.e. {i,j} € ET,{j,k} € ET,{k,i} € E~.
Then x;'k > %,x,; > %, but by the triangle inequality constraints of (LPx¢) and the fact that x;; =1
if {i,5} € PT, we have T +x2‘i >1,o0r1— a:;rk +1—2,,>1, 50 m;rk = % and z; = % But then
label(j) = label(k) and label(k) # label(i), so label(j) # label(i) which contradicts the properties of our
labeling, since {i,j} € PT. A similar contradiction can be derived if we assume there is a bad triplet

containing {i,j} € P~. O
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4.2 Ranking and clustering with triangle inequality. Note that the arguments in Section [£.1]
combined with Remarks and imply deterministic 2-approximation algorithms for ranking and
clustering with triangle inequality based on their respective linear programming relaxations.

To get combinatorial algorithms for the constrained problems with triangle inequality, we need to
make an additional assumption. We’ll say that the input is consistent with the constraints if w; ;) = 0
for (4,j) € P in the case of a ranking problem. For a conbtrained clustering problem, consistency implies
that if {i,j} € Pt then w;; = 0 and if {i,j} € P~ then w;; = 0. If we assume that the input is consistent
with the constraints, we can also show that the algorithms in Sections u and |3 - which use the weights
to determine the tournament G = (V, A) or the graph G = (V, E*, E~) rather than an optimal solution
to the respective LP relaxation) return solutions that obey the constraints. The proof is similar to the
proofs of Theorems [£.1] and [£.2]

However, in the case of a consistent input with triangle inequality, we can also just do a “clean up” of
any given solution to ensure that the constraints are satisfied, without increasing the cost of the solution.
We thank Frans Schalekamp for suggesting that this might be the case.

LEMMA 4.3 Given an input (V,w) of weighted feedback arc set, a partial order P, with weights that satisfy
the triangle inequality and are consistent with P, and a permutation 7, we can find a permutation ©' that
is a linear extension of P and costs not more than 7 in time O(n|P|).

PrROOF. Let (i,7) € P and suppose 7(j) < 7(i). We call such (i, j) violated. Let K (i, ) be the set
of vertices k such that 7(j) < (k) < (i), and let (i*,j*) be a violated pair such that for any vertex
k € K(i*,5*) it is the case that (j*,k) ¢ P and (k,i*) ¢ P. We will show that such a pair always exists
if a violated pair exists and comment on how to find such a pair when we discuss the running time of the
algorithm.

Consider the permutation 7’ we obtain by moving j* to the position just after i* with probability
p= % or otherwise moving i* to the position just before j*. Note that (i*,j*) is not violated in «’ and
no new violations are created.

The expected difference in the cost of permutations n’ and 7 is given by

1
W) — Wy Ty D (W) = Wik F Wik — Wn k)
keK (i*,5*)

1
Swgeany —Wagnty o Y, (W) = —wie g <0,
keK(i*,5*)

where the first inequality follows from the triangle inequality, since w(;« k) < w(j= i+ + W+ ) and
Wk,ix) S Wk j=) T W5 4+), and the last equality follows since w(; ;«) = 0. Hence either moving j* to
the position just after ¢* or moving ¢* to the position just before j* does not increase the cost of the
permutation, and has fewer violations. Repeating this until all violations have been removed gives the
result.

The total time required to implement this algorithm is O(n|P|): We begin by constructing a list of
violated pairs (i,7) sorted by increasing (7 (i) — 7(j)). Consider any violated pair (i, ) in the list, and
suppose there exists some k € K (i, ) such that (j,k) € P or (k,i) € P. In the first case, transitivity of
P implies that (i, k) € P, hence (i, k) is a violated pair and 7 (i) — (k) < w(i) — 7(j), so (i, k) appears
above (7, j) in the list of violated pairs. Similarly, in the second case (k, j) is a violated pair that appears
above (4, 7) in the list. We will therefore go through the list in order, and “uncross” violated pairs using
the above procedure. Note that it may be the case that, after “uncrossing” a violated pair, the list of
the remaining violated pairs may no longer be ordered by (7(i) — 7(j)). However, since no new violated
pairs are created, the only new vertices k in K (i, j) for a violated pair (i,7) must satisfy that (j,k) &€ P
and (k,i) ¢ P. Therefore, if we go through the original list in order, we know that once we consider pair
(i,4), then we have already removed all violations (,k) or (k,j) with k € K(i,7), and hence we know
that for all k € K (i,j) we have that (j,k) ¢ P and (k,i) & P.

For each violated pair (7, ) that we consider, it takes at most O(n) time to “uncross” the pair using
the above procedure, because we need to compare w; ;) — w,j) + ZkGK(Z— j)(w(j’k) —W(k,5)) and w; ;) —
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w5 + ZkeK(m) W(k,5) — Wi k)), thus giving a total running time of O(|P[log(|P|) + [P|n) = O(n|P]).
O

LEMMA 4.4 Given an input (V,w™,w™) of weighted clustering, constraints given by P+, P~ with weights
that satisfy the triangle inequality and are consistent with P+, P~ and a clustering C that does not satisfy
P*,P~, then we can find a clustering C' that satisfies PT, P~ and does not cost more than C in time
O(n(|P*[+ |[P7)).

ProoF. We will say a clustering C violates {4,j} € P% if it has 4 and j in different clusters, and we
will say it violates {i,7} € P~ if it has ¢ and j in the same cluster. Consider a clustering C that violates
{i,j} € P~. Let C be the cluster containing i and j. Let C; = {i} U{i’ € C : {i,i'} € P*}, and similarly
define C;. Note that for ¢/ € C;, ;' € C}, it must be the case that wzri,’j,} = 0, since {¢,5'} € P~ by
transitivity of the constraints.

Let R = C\(C;UC}). We randomly construct a clustering C’ from C by making C;, C; and R separate
clusters, and then merging R with C; with probability % or with C; with probability %
Then the expected difference in cost between C and C’ is

+ - Aot o Aot =

> (Wi jy = Wiargy) + S |C | Z( > Cil(wiy oy = Wik yy) + > |Cil (Wi iy ww,})).
i'€Cy,j'€C keR j'e€C; i'eCy
The term Zi/eoi,j/ecj (U’E' T W j,}) is nonpositive, since w{t‘,j,} =0forall i’ € C;,j' € Cj.

We now fix some k € R and consider

A ‘O | D Gy = 0l + X 1C Wy = 0y
J'ec; ireC;

We rewrite this as

+ o + o
|Gl +1C51 \C | 2 > 2 W Wikgy = Wigy T Wkary ~ Wikary)
i'eCy j'eCy
Now, note that w?k i < w{k iy + w{i, = w{k iy and similary wzrk iy < w{k i Hence the second
term is nonpositive also.

We can evaluate the cost of the two possible clusterings in time O(n|C;||C;|). Letting C’ be the cheaper
of the two clusterings does not increase the cost of the clustering. Moreover, no new violations are created,
and |C;||C;| > 1 violations are removed since for any i’ € C;, j' € C; we have that {i’,j'} € P~.

Repeatedly applying this procedure ensures that C’ has no violations of P~ in time O(n|P~|).

Now suppose C’ still violates {4, j} € P*. Let C be the cluster containing 4 and D the cluster containing
j. Let C; = {i}u{i € C: {i,i'} € PT} and let C; = {j} U{j’ € D : {j,j'} € P*}. By transitivity,
{/,j'} € PT for every i/ € C;,j’ € C;, and hence by consistency, Wiy =0

We randomly construct a clustering C” obtained from C’ by either adding C; to D with probability
% or adding C; to C' with probability [ ‘I +1\‘c - Note that this does not create any new violations
by transitivity of the constraints, and the assumption that no violations of P~ exist.

The expected difference in cost between C' and C” is

(Wi iy = w{t",j/}) (11)
i’€C;,5'€C;
D aren D I ATET TN ey ke rexd) DECTIAE G (E)
[CiT+1Cy] Wik T Wy Gl +1Cy] 4 Wikgy ~ Wik
keC\C eC; keC\C; j'eC;
3 e 2 e V)t G 2 W ~ e (9
|C | +1C; | {k,j’} {k.3"} |C |+ |C; | Wik,iry {ksi'}/"
k€D\C; k€D\C;

The term in 1) is nonpositive, since {i’,5'} € PT*, so W iy = 0 for every ¢’ € C;,j' € Cj.
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Now fix k € C\C;, and note that

ol el N
ICi+1C;] - Z {k,i’} — W)t G +1¢;] Z Wikgy ~ Wikgy)
i'eCy j'eC;y

— - - .t
B |C|+| j|1; j; Wikiry ™ gy T Wiy T Wikgry)

+ - i
< |O|+|C| Z; Z; (g + W) = Wiy + Wiy + 05 ) = W)
i€ j'e

= 0.

The inequality follows from the fact that by the triangle inequality w+k iy < w?‘k oy T w{_l., i and
w{_,w.,} < w{_,m.,} + w{_i,d,,}. By symmetry, we thus find that and li are both nonpositive. Hence
replacing C’ by the option with the smaller cost gives a clustering with |C;||C;| > 1 fewer violations
without increasing the cost. We can find C' in O(n|C;||C}|) time, and C’ has |C;||C;| fewer violations
than before. Repeating this procedure gives the result. (|

5. Better LP based algorithms. In Sections[2:2]and [3.2] we deterministically rounded the optimal
solution to an LP relaxation to obtain the graph G = (V, A) or G = (V, E*,E~). Ailon, Charikar and
Newman [4] propose randomized rounding algorithms based on the same LP relaxation: in the case of a
feedback arc set problem, the solution to (LPrag) from Section is rounded by repeatedly choosing
a pivot k at random, and partitioning the vertices in sets V, and Vi as before, but now a vertex i is
put into Vi, with probability x(; ;) and into Vz with probability z(; ;) = 1 — z(; k). A similar approach
is proposed for weighted clustering, where the optimal solution to (LPc¢) from Section is rounded
by repeatedly choosing a pivot k at random and partitioning the vertices into R and C, by including ¢
in C with probability acj;c and in R with probability z;, =1 — x;ﬁc Ailon [2] generalizes this randomized
rounding algorithm for weighted feedback arc set with triangle inequality by perturbing the LP solution
by a function h(z) that satisfies h(z)+h(1—x) = 1, and using the perturbed LP solution as probabilities.

We now show how to extend the ideas from the previous sections to derandomize the randomized
rounding algorithms in Ailon et al. [4], and the perturbed version in Ailon [2]. In particular, this al-
lows us to obtain a deterministic §—approximation algorithm for ranking and clustering with probability
constraints, and a ﬁapprOleatlon algorithm for ranking and clustering with triangle inequality. Com-
bined with the ideas from Theorem [2.3] and Theorem [3.3] this also allows us to obtain a deterministic
%—approximation algorithm for full rank aggregation and full consensus clustering, which matches the

best randomized algorithms in [4].

5.1 Weighted Feedback Arc Set. We will now give a formal description of the LP rounding
algorithms for weighted feedback arc set in [4] and [2]. We give the algorithm in a generalized form,
where p = {p(; jy : {4,7} C V'} satisfying p(; jy + p(;) = 1 gives the probabilities that a vertex is ordered
to the left or right of the pivot vertex. In the algorithms in [4] and [2], the pivot is chosen at random
from the vertices in V, and p is determined by an optimal solution x to (LPrag) from Section

FASLP-Pivot(V, p)

Pick a pivot k € V.
Set Vi, = ®7VR = 0.
For alli € Vi # k,
with probability p(; x): add i to Vp,
else (with probability p(;,)): add i to V.
Return FASLP-Pivot(Vy, p), k, FASLP-Pivot(Vg,p).

Suppose j is ordered before i in the output of FASLP-Pivot. Note that this means that there was
some recursive call that contained both i and j in which either (i) one of them was the pivot, and j was
ordered to the left of 4, or (ii) some vertex k # i, j was the pivot, and j was added to Vi, and i was added
to Vg. We will say that the cost w(; ;) of ordering j before i is a forward cost in case (i), and we will
say it is a backward cost in case (ii). Note the difference from our previous definition of forward and
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backward costs. We will say a pair ¢, j gets decided in a particular iteration of FASLP-Pivot if it either
incurs a forward cost (i.e. one of 7, j is the pivot) or a backward cost (i.e. one of them gets assigned to
V1, and one to V).

Let T (V') be the set of arcs (i,7) that become backward in a recursive call on V when k # 4,5 is
the pivot, i.e. j is in Vy, and ¢ is in Vi. Note that Ty (V) is a random set, since Vy,, Vg are random
sets. In particular, the probability that a particular arc (i, j) is in T(V') is p(jk)P(k,:). For notational
convenience, we define p’(“j’i) as the probability that j is ordered to the left of ¢ when k is the pivot vertex,

ie. p’(“j ) = PGR)P (ki) Then the expected backward cost in the iteration is E Z(ij)eTk(V) w(m)} =
k k
2}V k) (Pu,z')“’u,j) +P(z;j>w<avi>)~

The algorithm has two sources of randomness: the pivot is chosen randomly from the vertex set,
and the vertices are ordered to the left or right of the pivot according to given probabilities. We will
derandomize the algorithm in two steps. We will again have a notion of a budget c;; for each vertex pair,

and we choose a pivot k such that ratio of the expected cost for the arcs in T (V) and E [ Z(i HETHV) cl-j}

is as small as possible. Then we use the method of conditional expectation [6] to assign the vertices in
V\{k} to Vi, or Vg. We start by analyzing the algorithm that chooses a pivot deterministically, but
randomly assigns the vertices in V\{k} to VL and Vg according to the probabilities p(; xy, p(k,)- The
following theorem states conditions under which this gives a solution for which the expected cost is within
a factor o of a given budget.

THEOREM 5.1 Given an input (V,w) of weighted feedback arc set, a probability matriz p, and budgets
{cij : {i,7} TV}, such that

(1) PG W) + Pl Wa,) < aciy for all distinct 3,5 €V,
(ii) for every distinct triple {i,7,k} in 'V,
(w6 + PGy wa)) + (Pl W) + PlaeyyW6m)) + (Pl WGk + Pl W) <
((p(z ) PGy eis + (Pl + Pl cir + (P ki) +p(i,k))cki)

then FAS-LPPivot gives a solution with expected cost at most aZ{i,j}CV cij if we choose a pivot k that
minimizes B

E[E(m‘)en(\/) w(i’ﬁ} .

(14)
E[ Y penv) o)

PROOF. For iteration ¢ of FAS-LPPivot, let X, be the cost of the pairs that get decided, and let Yy
be the budget for the pairs that get decided. Since FASLP-Pivot has at most n iterations, we define these
values for ¢ = 1,...,n, where X, =Y, = 0 if the FASLP-Pivot algorithm has fewer than ¢ — 1 recursive
calls. We will show that

E[Xg:| SO{E[}/@} fort=1,...,n. (15)

Note that E[Zgzl Xg} is the expected cost of the solution constructed by FAS-LPPivot and that
S Yo =X {i.jrcv Cij deterministically, since each pair gets decided in exactly one iteration. By
linearity of expectation, E[Z?:l Xg:| = Z?:llE{Xg] Hence proving is sufficient to prove the
theorem.

Under the first condition in the theorem, the expected cost for a pair that gets decided and incurs a
forward cost in an iteration of FASLP-Pivot is at most « times the budget for this pair.

On the other hand, if we show that there always exists a pivot for which the ratio in is at most
«, then the expected combined cost of the pairs that get decided and incur a backward cost is at most «
times the expected budget for the pairs that incur a backward cost.

E[ Z w(m‘)} = Z (p?j,i)w(i,j) +p’(€i,j)w(j,i))-

(1,5) €Tk (V) {15}V \{k}

Recall that
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Now consider ), Z{i,j}gV\{k} (p’(vj7i)w(i,j) + p@’j)w(j’i)): we add p(J i) w(w)—i—p( H Wiy once for every
pair {i,7} and vertex k & {i,j}. We can attribute this amount to the triple {i, j, k}. Then we see that
to every triple of distinct vertices i, j, k we attribute a cost of

Py Wing) T P(ij) W) T Pl gy Wik) T Pk iy Wiik) + P,y Wisk) + Pk Wik.g)- (16)
For a triple t = {i, j, k} of distinct vertices, we will denote the quantity in by w(t). So if we let T be
the set of all distinct triples of vertices, then ), E[Z(i,j)ETk(V) w(i_,j)} = erw(t).

Similarly, in
ZE[ 2 C”J} =2 > (P]fj,i) +Plfi,j)> Cijs
keV (i,4)€TK(V) keV {i,j}CV\{k}

we add (pF Pyt p( ;))cij for every pair {i, j} and vertex k ¢ {4, j}. If we again attribute this amount to
the triple {z gk}, and let ¢(t) be the total budget attributed to triple ¢ = {4, j, k}, then we see that

c(t) = (pl(cj,i) +p?i,j))cij + (Pfi,k> er{k,i))cki + (pék,j) +péj,k))cjk' (17)

and 3, E [Z(zg)en(v Czy} 2 ter c(t).

Now, note that by the second condition of the theorem w(t) < ac(t), and we conclude that

ZE[ 3 ”]<az[ 3 cij]

kEV  (i,j)ETw(V) kEV  (4,5)E€T(V)

and hence a vertex k for which the ratio in (14]) is at most « exists. ]

REMARK 5.1 The proof of Theorem |5.1] also implies that FASLP-Pivot with a randomly chosen pivot
gives a solution with expected cost at most Q E{m}gv Cij-

We now know that we can choose a pivot deterministically, but to give a deterministic algorithm, we
need to assign the vertices to V7, and Vg deterministically, instead of randomly as in FASLP-Pivot. We
can achieve this by using the method of conditional expectation [6].

THEOREM 5.2 Under the conditions in Theorem[5.1, there exists a deterministic algorithm for weighted
feedback arc set that returns a solution of cost at most « Z{z’,j}gv Cij-

PrROOF.  We define the following notation: Let Vi, Vg, V' be a partition of V\{k}, and let
E{Wk (V)‘VL, VR} be the expected total cost incurred in an iteration of FASLP-Pivot for the arcs that

get decided in that iteration when pivoting on k conditioned on the vertices in V;, and Vg being ordered
to the left and right of k respectively and the vertices in V' are ordered left or right with probability

P(ik) and peg ;). Let E{Ck(V)‘VL, VR} be the expected total budget ¢;; for the vertex pairs ¢, j that get

decided in an iteration of FASLP-Pivot when pivoting on k, again conditioned on Vi, Vg. Note that the
conditional expected backward cost is

E[ > W<i,j>‘VL7VR}= Yo waat D (P'&.,nww)+P@,j>ww>>

(1,9)€TK(V) JEVLIEVR {i,j}CVv’
+ Z P,k W(i,j5) + Z P(k,i)W(ij)>
JEV!I iEVR JEVL eV

and the conditional expected budget for these vertex pairs is

E{ Z Cij‘VL,VR:|: Z cij + Z (P(M‘FPU))%

(4,5) €Tk (V) JEVL,i€VR {i,5}CV’

+ Z D(j,k)Cij T Z D(k,i)Cij-

JEV' i€VR JEVL eV
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DerandFASLP-Pivot(V, p)

E[Zsen) “a)]
E[ X penv) i)
Set VL = (Z), VR = (Z), V' = V\{k‘}
While there exists i € V’
]E{Wk(V)‘ V. U {i},VR} E{Wk(V) ‘ Vi, Vi U {z‘}}
<

Pick k € V minimizing

It <
E[Ck(V)’VL U {i},VR] E[Ck(V)’VL,VR U {i}}
add i to Vg,

el add 7 to Vg.

V= V\{i}.

Return DerandFASLP-Pivot(Vy,,p), k, DerandFASLP-Pivot(Vg, p).

Figure 1: Derandomization of FASLP-Pivot.

Hence we can easily compute these conditional expectations and we get that the conditional expectation
of the forward plus backward cost is equal to

E[Wk(V)‘VuVR] = Z Wk,i) + Z Wi k) + Z (p(i,k)w(k,i) +p(k,i)w(i,k))
€V 1€VR eV’

+ E{ > w(i,j)’VLz VR};
(6,)€TK(V)
and the conditional expectation of the forward plus backward budget is equal to

E[G|Vive] = Y ew+E[ 3 e

ieV\{k} (1,9)ETK(V)

Vi, VR].

Initializing Vi, = 0, Vg = 0, V' = V\{k}, then we have E {Wk(V)’VL, VR} <aFk [Ck(V)‘VL, VR}, since

E{Wk(v)‘VL =0,Vg = @] = Z (p(i,k)w(k,i) +p(k,i)w(i,k)) +E{ Z w(i,j)}a
ieV\{k} (5,)€TR (V)
and
E[CiV)|Vi=0Va=0]= > c+E[ >,
ieV\{k} (4,)€TK(V)
and by the first condition of Theorem @p(i7k)w(k7i) + Pk, W(ik) < Qcig, and by the second condition

and the proof of Theorem E E[Z(i,j)eTk(v) w(m)] <aE [Z(i,j)eTk(V) cij}.

By standard conditional expectation arguments, we know that if we consider some vertex ¢ € V' and
E [Wk(V)‘VL, VR} < aE [Ck(V) ‘VL, VR} , then we can add 7 to either V;, or Vi and maintain the invariant

that E[Wk(V))VL, VR} <oF _Ck(V)‘VL, VR].

Hence we obtain the algorithm in Figure [5.1] By the invariant, at the end of the algorithm, we have
a partition Vi, Vg of V\{k} such that E{Wk(V)’VL,VR} < oFE [Ck(V)‘VL,VR}. Since Vj,, Vi partition

V\{k}, E[Wk(V)‘VL, VR} is now equal to the (deterministic) cost of ordering the vertices in V7, and Vi

to the left and right of k respectively, and E[C’k(V)‘VL,VR} is the total budget of the pairs that get
decided in this iteration. O

COROLLARY 5.1 There exists a deterministic %-approa:imation algorithm for weighted feedback arc set

with probability constraints.
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PROOF. By Theorem [5.2] it suffices to show that we can give probabilities {p(; )} and a lower bound
Z{i,j}gv ci; that satisfy the two conditions in Theorem with @ = 2.5. Let & be an optimal solution
to (LPrag) in Section Let paij) = Tai5), PGy = T(je) and ¢ij = (i )W) + T(5,)We,j) for every
i,j € V. Clearly, the first condition is satisfied with & = 1. The second condition was shown to hold

with @ = 2 in Lemma 13 in [4]. O

COROLLARY 5.2 There exists a deterministic %-approximation algorithm for weighted feedback arc set
with triangle inequality.

PROOF. Let z be an optimal solution to (LPrag) in Section and let

gy, Oﬁygéz
h(y) = gy—%, §<y§§

v+, 5<y<l

Let pg,5) = h(x(m-)) and c;; = T(; ;W50 + T We,j5) for every 4,5 € V. These settings satisfy the
conditions in Theoremwith o = 2, which was shown by Ailon in the proof of Theorem 4.1 in [2]. O

COROLLARY 5.3 There exists a deterministic %-approximation algorithm for full rank aggregation.

PROOF. Let x be an optimal solution to the LP, and let ¢;; = z( jyw(jq) + T(iwe,j, and let
P(i.j) = Z(i,j)- Because we are considering a full rank aggregation instance, RepeatChoice will give us
a permutation 7 of cost at most Z{i,j}gv 2w(; jyw(;q:)- By the proof of Theorem it is therefore
enough to consider a modified instance with weights w; ;) = %w(m) + %(2w(i7j)w(j1i))7 and show that
for this modified instance DerandFASLP-Pivot will output a permutation with modified cost at most
% Z{i,j}gv Cij-

Note that TI)(ZJ) S %W(ZJ) fOI‘ any (Zvj)v S0

_ - 4 4
PGy W) + PG W) < g(ff(m)w(mz‘) + 2,0 Wi,5) = 3Cid>
and hence the first condition of Theorem is satisfied for o = %.
The second condition is exactly Lemma 14 in [4]. O

5.2 Weighted Clustering. We give a brief sketch of the randomized rounding approach, and subse-
quent derandomization, for the clustering case. Given p = {pjj,p;j : {i,j} C V} that satisfy p:rj +pi; =1
the general form of the randomized rounding algorithm is

CCLP-Pivot(V,p)

Pick a pivot k€ V.
Set C = {k}, Vg = 0.
For alli € V)i # k,
with probability p?,;: add 7 to C,
else (with probability p;,.): add i to R.
Return {C, CCLP-Pivot(R,p)}.

We will say a pair 4, j incurs a forward cost if the vertices 7, j were in the same recursive call in which
one of them was the pivot, and we will say a pair 4, j incurs a backward cost if the vertices i, j were in
the same recursive call, in which some vertex k # 4,7 was the pivot, and ¢ and j are not both in the
next recursive call. We will say a pair ¢, j gets decided in a particular iteration of CCLP-Pivot if it either
incurs a forward or a backward cost.

Note that there are two ways in which a pair can incur a backward cost: let T’ ,j (V') be the pairs i, j
such that exactly one of 7,7 is not in the next recursive call (for which we incur a cost wjj), and let

T, (V') be the pairs ¢, j such that neither ¢ nor j is in the next recursive call (incurring a cost w;;). Let
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- ot + = + oot
Plijve = PirPik + Pl and let Pligy e = PikPik- Note that

E{ > wzﬂ = Yo Phgyati

(gYert (V) {i,J} SV \{k}
— _ + —
]E[ > wm} = D Plavi
(igyeT (V) (1 VAR

We analyze the algorithm that chooses a pivot deterministically, but randomly assigns the vertices in
V\{k} to C and R according to the probabilities given by p. The following theorem states conditions
under which this gives a solution within a factor a of a given budget.

THEOREM 5.3 Given an input (V,w,w™) of weighted clustering, probabilities p, budgets {c;; : {i,j} C
V'} such that

(i) p;;-w;j +p;jw;; < acgj for all distinct 1,5 € V,
(i1) for every distinct triple {i,j,k} in V,
+ - + + — - + + T +
PGy + PGy i) + PGy ik + Phayae) + (Pl e T Py Whs) <

a((pj{:,j},k + p{_i,j},k)cij + ('p?j,k},i +p{_j,k},i)cjk + (p?_k,i},j +p{_k,i},j)cki>'

Then CCLP-Pivot returns a solution with expected cost at most o)y, sy ¢ij if we choose a pivot k that
MINIMizes -

+ —
E[Z{m}emw Wi + 2 gyery (v) wij]

' (18)
E[Z{ivj}ET:(V)UTk_(V) Cij]

PROOF. As in the proof of Theorem [5.1] it suffices to show that for any iteration of CCLP-Pivot,
the expected cost incurred for the pairs that get decided it at most « times the expected budget for the
pairs that get decided.

Under the first condition in the theorem, the expected cost for a pair that gets decided and incurs a
forward cost in an iteration of CCLP-Pivot is at most « times the budget for this pair.

As in the proof of Theorem [5.1] and Theorem [3.1] one can show that under the second condition, there
always exists a pivot for which the ratio in is at most a. Hence the expected combined cost of the
pairs that get decided and incur a backward cost is at most « times the expected budget for the pairs
that get decided and incur a backward cost. O

As in the ranking algorithm, given a pivot chosen according to , we can use the method of condi-
tional expectation [6] to deterministically assign the vertices in V\{k} to C' and R, without increasing
the ratio between the cost and the budget.

THEOREM 5.4 Under the conditions in Theorem[5.3, there exists a deterministic algorithm for weighted
clustering that returns a solution of cost at most « Z{i jycv Cij-

PROOF. We define the following notation: Let R,C,V’ be a partition of V\{k}, and let
E[Wk(V)‘R, C} be the expected total cost incurred in an iteration of CCLP-Pivot for the pairs that

get decided in that iteration when pivoting on k conditioned on the vertices in C' being clustered with
k and the vertices in R not being clustered with k, where the vertices in V' are clustered together with

k with probability p;; and separated from k with probability p;, . Let E{Ck(V)‘R, C} be the expected

total budget c;; for the vertex pairs 4, j that get decided in an iteration of CCLP-Pivot when pivoting on
k, again conditioned on R and C.

If C = R = (), then by Theorem We have E[Wk(V)‘R, C} <aE [Ck(V)‘R, C}. If we can compute
E[Wk (V)‘R7 C’} and E{Ck(V)‘R, C’} for any R, C then by the definition of conditional expectation we
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can iterate through the vertices in V' and add them to C' or R while maintaining that E [Wk(V) ‘R, C’} <
F [Ck(V)]R, c} .

Note that the conditional expected backward cost is

Do Dowh Do wit ) (pfk,j}wfj +p{_k,j}w¢+j)

ieC \jeR jecii<j jev
v+ + - +
DID ISV (p{i,j},kwij +p{i,j}7kwi]‘) : (19)
i€R jeV’ {i,jyCV

The conditional expectation of the forward cost is

S wp Y wh o+ (hwy, + piwd). (20)

ieC i€R eV’
Hence we can efficiently compute E [Wk(V) ‘R, C’} by adding up and . The conditional expected
budget E[Ck(V))R, C] is obtained by replacing w;; and w;; by ¢;; and w;,;, w;, by cix in the expression
for E [Wk(V) ‘R, 0} . O

COROLLARY 5.4 There exists a deterministic %—approximation algorithm for weighted clustering with
probability constraints.

Proor. By Theorem [5.4] it suffices to show that we can give probabilities p and a lower bound

Z{i jycv Cij that satisfy the two conditions in Theorem with o = 2.5. Let x be an optimal solution
to (LPc¢) in Section Let p;;- = xjj,p;j =z, and ¢;; = :v;;w; + xfjwjg for every i,j € V. Clearly,

the first condition is satisfied with v = 1. The second condition was shown to hold with o = % in Lemma

15 in [E]. O

We note that the result in Corollary is close to the best possible result we can get if we use
the optimal value of (LPcc) as a lower bound, since Charikar, Guruswami and Wirth [I3] give the

following example for which the integrality gap is 2: Given vertex set V = {1,...,n}, let wzrn = 1 for
G =1- w;'; Then the optimal fractional solution
has xz_n.j} =3 forj=1,...,n—1and 2} = 0 otherwise, with objective value 3(n —1). An optimal

7=1,...,n—1 and let w;'; = 0 otherwise, and let w

2
clustering for this example places one (or two) of the vertices in a cluster with vertex n, and all other

vertices in singleton clusters, which gives objective value (n — 2).

COROLLARY 5.5 There exists a deterministic %—appmm'mation algorithm for full consensus clustering.

PROOF. Let x be an optimal solution to (LPc¢) in Section Let p;;- =z Dij = T and

177 (%]
N =+
Cij = Ty;W;; + TiW;5

i for every i,5 € V.

+

+ _ 2,4+ 4 2 - S— 2,0~ 4 2,4, —
i = sw; + Fwiw and W = FW;; + Fww,;
show that Derand CCLP-Pivot finds a clustering with modified cost at most % Z{i jrcv Cij- By the proof
of Theorem this means that either the output of Derand CCLP-Pivot (when ran on the modified

instance), or the output of CC-RepeatChoice, has cost at most % > Giycv Cig-

We consider modified weights w defined as w and

To invoke Theorem we need to show that the weights w satisfy the conditions in Theorem It
is easily verified that the first condition of Theorem [5.3|is satisfied, and the second condition is exactly
Lemma 16 in [4]. O

6. Hierarchical Clustering. Recall that an M-level hierarchical clustering of a set V' is a nested
clustering of the elements in V| where the clustering at level m is a refinement of the clustering at level
m + 1. Given a set V and a matrix D with D;; € {0,..., M} for any distinct 4,5 € V, we want to find
an M-level hierarchical clustering of V' minimizing ZZ jev |D;j — Aij|, where A;; is the number of levels
in which 7 and j are in different clusters, or equivalently, since the clusterings are nested, ¢ and j are in
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different clusters at levels 1,...,\;;, and in the same cluster at levels \;; +1,..., M. By Lemma 1(a) in
[24] this is equivalent to finding an ultrametric that minimizes the ¢; distance with D. An ultrametric
is a tree metric in which all vertices are at the leaves of the tree, and the distance from each leaf to the
root is the same.

A natural approach to the hierarchical clustering problem is to construct a hierarchical clustering in
a top-down fashion: we first use a clustering algorithm to find the top-level clustering Cy;, and for each
of the clusters in Cjs, we call the clustering algorithm to find a refinement, which together form Cp;_1,
etcetera.

This approach is different from the approach used by Ailon and Charikar in [3]: although their algo-
rithm is also a pivoting algorithm, it does not construct clusters top down, but instead uses the pivot to
correct the distances of triples that violate the ultrametric property: For any ultrametric D and for any
distinct ¢, 7, k, it is the case that D;; < max{Djx, D;;}. If k is the pivot, then the algorithm of Ailon
and Charikar fixes the distances D;, and Djj, to their current value, and adjusts D;; to max{ D, Djk}
if D, # Djj, or to min{D;;, D} otherwise. The algorithm then recurses on the sets {j € V' : D;, = m}
for m = 1,..., M. The analysis is rather complicated and uses two different LP relaxations to give an
upper bound on the cost of the algorithm’s solution. Our algorithm and analysis are much simpler, and
obtain the same approximation guarantee.

We start by redefining the input of the hierarchical clustering problem to make the connection to
correlation clustering more obvious. For every pair of distinct vertices 4,5 and for every level m €
{1,..., M}, we let

1 if Dy <m _
+m __ 1] ,mo_ +,m
Wi { 0 otherwise, wyyt = 1wy (21)
Given an M-level hierarchical clustering and values A;; for every 4, j such that ¢ and j are in different
clusters at levels 1,...,\;;, and in the same cluster at levels A\;; +1,..., M, then

M

Z (w;;’ml{i,j in different clusters at level m} + w;;"1{i, j in the same cluster at level m})
m=1

M

= Z (w;;’ml{m < \ij}+ wi_j’ml{m > /\ij})

m=1

= Z (1{Dij < m}l{m < )\”} + 1{Dij > m}l{m > )\”})

m=1
= [Dij — Aijl-
Hence we can interpret the value w;;’m as the cost of having i and j in different clusters at level m,
m

and w,; ;" as the cost of having ¢ and j in the same cluster at level m. At each level, we are solving a

correlation clustering problem, with the additional requirement that the clusterings need to be nested.

We can now just think of calling the algorithm for correlation clustering from Section |3 for the top
level, get a clustering Cp; and then call CC-Pivot again for each cluster in Cp; to get Cp;—1 etcetera.
Hence we will need to have a partition of {{4,j}: {¢,j} C V} into ET and E~ for each of the M levels.
Let these be given by G™ = (V, Et™ E—™),

We will now give our algorithm.

Hierarchical-Cluster(G",...,G')

Cy = CC-Pivot(GM(V))
For m =M — 1 down to 1
Cm =
for C € Cpq1
Cm < CU CC-Pivot(G™(C))
return {Cy,...,Ca}.

We cannot invoke Theorem in this case, because if after the first call to CC-Pivot, ¢,j are in
different clusters in Cp;, then clearly 4, j will also be in different clusters in Cp;_1,...,C;. Hence we will
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need to attribute a cost of Zm 1 w " if we separate 4, j at the M-th level. Note that if ¢ and j are in
the same cluster in Cy;, then we only need to attribute a cost of w;; M.

We assume that we are given a budget ¢;} for each pair of distinct vertices i, j and each level m. Our
next theorem will give conditions under Wthh we can run Hierarchical-Cluster and find a hierarchical
clustering that costs at most (M + 2) Zi\f:l Yo tigrcv G-

Let T, (G™) and T}, (G™) be defined similar to T, (G) and T}, (G) in Section TH(G™) = {{i,j} €
Etm {4k} € E=™ {i,k} € ET™} and T, (G™) = {{i,j} € E=™ : {j,k} € ET™ {i,k} € ET"™}.
We will say that 7,7, k are in a bad triplet on level m if {i,j} € EY™ {j,k} € ET™ {k,i} € E~™. For

. . ,mo_ N m m
notational convenience, we let W:Jr =3, w;; ,and CfF =)0 b
THEOREM 6.1 Given an input to M-level hierarchical clustering, let (V, {w;;’m,wi_j’m :{i,j} CV}) for
m=1,..., M be inputs of weighted clustering derived according to . Given a set of budgets {c{? :
{i,7} €V}, and graphs G™ = (V, ET™ E=™) where ET"™ E~™ is a partition of {{i,5}:{i,7} CV}
such that for every m € {1,...,M}:

(i) wi;™ < acft for all {i,j} € EY™, and
W;; < an for all {i,j} € E—™,

(i1) W;;m + W;,;’m +w ™ < (CF + CJ + ) for every bad triplet {i,j} € ET™, {j,k} €
Bt {ki} e E-m.

Then Hierarchical-Cluster returns a solution that costs at most azrj\,{:l E{i,j}gv ¢y if in CC-
Pivot(G™(C)) we choose a pivot k that minimizes

,1M

Ygyer @y Wi " ggyers omiey Wi

(22)
L gyer@mo) Cf + Lgigyer ame)

PrROOF. In a call to CC-Pivot with graph G™(C), if we separate two vertices i, j, then they will be
separated in the clusterings at levels 1, ..., m. Hence we attribute to this call a cost of Y ;" | w W+ .
If two vertices 4, j are in the same cluster, then we only attribute the cost (o ™ of joining them in the
m-th level (since we do not yet know whether they will be in the same or in dlfferent clusters in the lower
levels). We can also attribute budgets to the call to CC-Pivot in the same way, attributing a budget of
C}7 for a vertex pair ¢,j that gets separated, and a budget of ¢} for a vertex pair that gets clustered

together

We note that a piece of budget ¢j} is attributed to exactly one call to CC-Pivot, and that the total
cost of the solution generated by Hierarchical-Cluster is attributed.

It remains to show that the total cost attributed to a call to CC-Pivot is not more than « times the
total budget attributed to it. This follows immediately from Theorem O

We will use the following linear program to demonstrate a set of budgets ¢” and graphs G™ for

m = 1,..., M that satisfy the conditions in Theorem We let a?;;m = 1 denote that 4,j are in the
same cluster at level m, and ;™ ;=1 that they are in different clusters. We note that the first two sets
of constraints are the same as in (LPco¢), and that the third set of constraints ensures that the clustering

at level m — 1 is a refinement of the clustering at level m.

min E g ( +m ) o w;mx;m)

m=1{i,j}CV
s.t. wy "+, > 1 V distinct 4,7, k,VYm =1,...,M
(LPyc) j;m+m;j’”=1 V distinct 4, j,¥m =1,..., M
x" <™ ! V distinct i, 5,Ym =2,...,. M
™ x>0 V distinct 4, 5, Ym =1,..., M.

) )
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THEOREM 6.2 There exists a deterministic (M + 2)-approzimation algorithm for M -level hierarchical
clustering.

PrROOF. We form the graph G™ = (V, ET"™ E—™) exactly as we formed G = (V, ET, E™) in the
proof of Theorem by including {i,j} € ET™ if x:;m > 1 and including {i, j} € E—™if x> z
(breaking ties arbitrarily).

We let ¢t = wj]mx;m + w;j’mz;;’m. Then Z%Zl > (ijycv ciy is a lower bound on the cost of the
optimal hierarchical clustering. Hence if we can prove that the conditions in Theorem hold with
a = M +2, then our algorithm Hierarchical-Cluster, with pivots chosen as in Theorem is an (M +2)-
approximation algorithm.

We claim that the first condition holds with o = 2: If {i, 5} € E™™ then x:;m > 1 s0 > %w;j’m.

If {i,5} € ET™, then x:jm > %, and by the third set of constraints this implies that also xi_j’é > % for
_ _ 14 1,,+4 _ 1yt
£=1,...,m. Hence CJ} = Y")" ci; > Y70 sw;;" = W™,

We now show that the second condition holds with o = m+-2, if considering a bad triplet in G™. Since
m < M, this implies that the second condition always holds with o = M + 2. Let {i,j} € ET™ {j,k} €
Et™ {k,i} € E=™ be a bad triplet. We note that we know from the proof of Theorem that

w;;’m + wj:’m +w™ < 3(cf; + i) (23)

If m = 1, then this is exactly the second condition with o = m + 2. Otherwise, let m > 2.

The idea behind the rest of the proof is the following. Note that W' + W/ + wy; may be as large as
2m~+1. On the other hand, using our previous results, we will be able to show that if Wi?—l—Wj?z +wy; > 0,
then ¢ + ¢jj, + ¢ is at least 1. Hence the budgets at level m alone pay at least a ﬁ fraction of the
cost. In fact, it may be the case that the lower level budgets cfj + cﬁ . are 0. However, we will show that
for each level £ < m if wj; +wj, =2, then ¢f; + ¢}, is at least ;.

To be precise, we will now show that for every £ € 1,...,m — 1:

wh Fwht < (e ) + 4(ch + ). (24)

Adding plus the inequalities for { =1,...,m — 1, then gives

m m
+,m +,m —-m +,¢ +,¢ —m
Wi+ W g™ = Yy w4 Jwi g
/=1 =1
m—1 m—1
< (m+2)() +c+ ) +4 (Z i+ c§k>
=1 /=1
<

m m
m+2) (chj 23 )
/=1 /=1

= (m+2)(C]} +Cf + i),

where the last inequality follows since m > 2.

It remains to prove that inequality holds. Note that the left hand side is either 0, 1 or 2. If it
is 0, then clearly the inequality holds. If the left hand side is 1, suppose without loss of generality that
wjj’f = 1,w;rk’£ = 0. Note that from the definition w;?l = 1 means that D;; < £. Then also D;; < m,
hence w:;m = 1. In the proof of Theorem (3.4 we showed that either cf} +cJ} +cjl} > w;;’m+w;rk’m+wk_i’m,
or that ¢j; + cg’,i + ¢p; = 1. Hence in this case ¢} + c}*}C + cp; is always at least 1, which proves that
holds if the left hand side is 1. Finally, we consider the case when the left hand side is 2. Then
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+.4 _

+.¢
w;;" = wj, therefore

A AN S
Cij T Cjp = Ty T,y

>1 _ ot

i from the first set of constraints in (LPg¢))

2

v

from the third set of constraints in (LPgc¢))

(

x,;-’e (from the second set of constraints in (LPg¢))
T (
(

Y
I

since {k,i} € E—™)

O

We now turn to constrained hierarchical clustering: in addition to matrix D, we are given matrices
L,U such that L;; < D;; < Uy for every i,5 € V. Any feasible hierarchical clustering must have
Lij < Aij < Usj, where Ay; is again the number of levels in which ¢ and j are in different clusters.
We assume that the constraints are consistent, i.e. that for any 4,7, L;; < U;; and for any 4,7,k
L;; < max{U,, Uy}, since it is easy to check that otherwise no feasible hierarchical clustering exists.

LEMMA 6.1 There exists a deterministic (M + 2)-approzimation algorithm for constrained M -level hier-
archical clustering.

PROOF. Let PT™ = {{i,j} : m > U;;},P~™ = {{i,j} : m < L;;} for m = 1,..., M. We add the
following set of constraints to (LPcc¢)

ay™ =1for all {i,j} € PT™

x;;" = 1for all {i,j} € P7™.

Note that the optimal value of (LPp¢) still gives a lower bound on the cost of the optimal hierarchical
clustering. As in the proof of Theorem we can then partition the edges into ET™, E~™ so that the
conditions of Lemma |4.2| are satisfied for m = 1,..., M. Hence by Lemma |4.2| our algorithm does not
separate 7,j at level m € {U;; +1,..., M} since {i,j} € P™™ for m > U;;. On the other hand, if i, j
are not separated already at some level m > L;;, then the fact that {i,j} € P~Lii ensures that i and j
will be separated at level L;; (and thus for all levels m < L;;). Hence the algorithm returns a feasible
solution. g
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